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. Abstract 

In the recent paper "hep-th/0502076", it was argued that the open topological B- 
model whose target space is a complex (2|4)-dimensional mini-supertwistor space 
with D3- and Dl-branes added corresponds to a super Yang- Mills theory in three 
Oh. dimensions. Without the Dl-branes, this topological B-model is equivalent to a 

r~| ! dimensionally reduced holomorphic Chern-Simons theory. Identifying the latter 

with a holomorphic BF-type theory, we describe a twistor correspondence bet- 
^ I ween this theory and a supersymmetric Bogomolny model on The connecting 

\^ • link in this correspondence is a partially holomorphic Chern-Simons theory on a 

^ Cauchy-Riemann supermanifold which is a real one-dimensional fibration over the 

mini-supertwistor space. Along the way of proving this twistor correspondence, 
we review the necessary basic geometric notions and construct action functionals 
for the involved theories. Furthermore, we discuss the geometric aspect of a re- 
cently proposed deformation of the mini-supertwistor space, which gives rise to 
mass terms in the supersymmetric Bogomolny equations. Eventually, we present 
solution generating techniques based on the developed twistorial description to- 
gether with some examples and comment briefly on a twistor correspondence for 
super Yang-Mills theory in three dimensions. 



*On leave from Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia. 
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1. Introduction and summary 

Twistor string theory is built upon the observation that the open topological B-model 
on the Calabi-Yau super manifold given by the open subset 7^314 = (CP^\'^\(DP^\^ of the 
supertwistor space CP^'^ with a stack of n D5-branes^ is equivalent to holomorphic Chern- 
Simons (hCS) theory on the same space. This theory describes holomorphic structures on 
a rank n complex vector bundle £ over V^^^ which are given by the (0,1) part A^'^ of a 
connection one-form A on £. The components of A^'^ appear as the excitations of open 
strings ending on the D5-branes (i.e., they are zero modes of these strings). Furthermore, the 
spectrum of physical states contained in A^'^ is the same as that of A/" = 4 super Yang-Mills 
(SYM) theory, but the interactions of both theories differ. In fact, by analyzing the linearized 
^ and the full j2| field equations, it was shown that hCS theory on V^^^ is equivalent to the 
Af = 4: supersymmetric self-dual Yang-Mills (SDYM) theory on introduced in [^1, which 
can be considered as a truncation of the full A/" = 4 SYM theory. 

It was conjectured by Witten that the perturbative amplitudes of the full A/" = 4 SYM 
theory are recovered by including D-instantons wrapping holomorphic curves in V^^^ into 
the topological B-model The presence of these Dl-branes leads to additional fermionic 
states from zero modes of strings stretching between the D5- and the Dl-branes. The scat- 
tering amplitudes are then computed in terms of currents constructed from these additional 
fields, which localize on the Dl-branes, by integrating certain correlation functions over the 
moduli space of these Dl-branes in V^^'^. This proposal generalizes an earlier construction of 
maximally helicity- violating amplitudes by Nair |^. Thus by incorporating Dl-branes into 
the topological B-model, one can complement the TV = 4 SDYM theory to the full A/" = 4 
SYM theory, at least at tree-level. This conjecture has then been verified in several cases 
and it has been used in a number of papers for calculating field theory amplitudes by using 
methods inspired by string theory and twistor geometry. For a good account of the progress 
made in this area, see e.g. El and references therein. For other aspects of twistor string 
theories discussed lately, see e.g. |7]-jl3|. 

In a recent paper ^Ij, a dimensional reduction of the above correspondence was consid- 
ered: It was shown that scattering amplitudes of AA = 4 SYM theory which are localized on 
holomorphic curves in the supertwistor space P^'^ can be reduced to amplitudes of A/" = 8 
SYM theory in three dimensions which are localized on holomorphic curves in the supersym- 
metric extension "P^l^ of the mini-twistor space := T^'^GP^. Note that the simplest of 
such curves in the mini-twistor space is the Riemann sphere CP^ which coincides with 
the spectral curve of the BPS SU(2) monopole.^ The corresponding string theory after this 
reduction is the topological B-model on the mini-supertwistor space 7^^'^ with n not quite 
space-filling D3-branes (defined analogously to the D5-branes in the six-dimensional case) 
and additional Dl-branes wrapping holomorphic cycles in P^'^. It is reasonable to assume 
that the latter correspond to monopoles and substitute the D-instantons in the case of the su- 
pertwistor space V^^^. In Jl], also a twistor string theory corresponding to a certain massive 

^ These D5-branes are not quite space- filling and defined by the condition that all open string vertex 
operators do not depend on antiholomorphic Grafimann coordinates on 'P'^'*. 

^Every static SU(2) monopole of charge k may be constructed from an algebraic curve in 115!, and an 
SU(ri,) monopole is defined by n — 1 such holomorphic curves |16|. 
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SYM theory in three dimensions was described. The target space of the underlying topolog- 
ical B-model is a Calabi-Yau super manifold obtained from the mini-supertwistor space V"^^^ 
by deforming its complex structure along the fermionic directions. 

The goal of this paper is to complement by considering the open topological B- 
model on the Calabi-Yau supermanifold P^'^ in the presence of the D3-branes but without 
additional Dl-branes. This model corresponds to a field theory on the mini-supertwistor 
space P^l^ obtained by a reduction of holomorphic Chern-Simons theory on the supertwistor 
space ■p^l^. We show that this field theory on "P^'^ is a holomorphic BF-type (hBF) theory^ 
which in turn is equivalent to a supersymmetric Bogomolny model. This model can be 
understood as a truncation of = 8 SYM theory in three dimensions. 

Recall that the open topological B-model on a Calabi-Yau (super)manifold Y with a stack 
of n (not quite) space-filling D-branes can be described in terms of End£'-valued (0, g')-forms 
from the Dolbeault cohomology group H^'^{Y, End£^), where f is a rank n vector bundle over 
Y . It was argued in j2()| ^ that in three complex dimensions, the relevant field is the (0, 1) 
part J^'"^ of a connection one- form A on the complex vector bundle 8. All the remaining 
fields are unphysical and only needed when quantizing the theory. This is also supported by 
an example presented in this paper: the B-model on the space P^'^ corresponds to a gauge 
theory, which contains besides AP'^ also an unphysical scalar field from End£^) 
as a Lagrange multiplier in the action functional. This theory describes again holomorphic 
structures on £. 

The action functional of hBF theory on P^'^ is not of Chern-Simons (CS) type, but one 
can introduce a CS type action on the correspondence space J-^^^ = R'^l® x 5^ which enters 
into the double fibration 

/ \ ^^-^^ 

p2|4 j^3|8 

This diagram describes a correspondence between holomorphic projective lines in 'P'^\^ and 
points in the Euclidean superspace R^'* obtained by a dimensional reduction of the super- 
space R^l® along the x^-axis. The correspondence space T^^^ admits a so-called Cauchy- 
Riemann (CR) structure, which can be considered as a generalization of a complex structure 
(see e.g. |21j for the purely bosonic case). After enlarging the integrable distribution defin- 
ing this CR structure by one real direction to a distribution T, one is led to the notion 
of T-flat vector bundles over T^^^. These bundles take over the role of holomorphic vector 
bundles, and they can be defined by a T-flat connection one-form At The condition of 
T-flatness of At can be derived as the equations of motion of a theory we shall call partially 
holomorphic Chern-Simons (phCS) theory. This theory can be obtained by a dimensional 
reduction of hCS theory on the supertwistor space prove that there are one-to-one 

correspondences between equivalence classes of holomorphic vector bundles^ over P^'^, equiv- 
alence classes of T-flat vector bundles^ over ^^1® and gauge equivalence classes of solutions 
to supersymmetric Bogomolny equations on R^. In other words, the moduli spaces of all 
three theories are bijective. Thus, we show that phCS theory is the connecting link between 

^These theories were introduced in lL7, and considered e.g. in |18II19| . 
''obeying certain triviality conditions 
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hBF theory on P^l'* and the super symmetric Bogomolny model on R'^: 



phCS theory on ^^1^ 




\ 



supersymmetric 
Bogomohiy model on R'^ 



(1.2) 



hBF theory on V"^ 



i2|4 



By a deformation of the complex structure on P-^l^, which in turn induces a deformation of 
the CR structure on !F^^^ , we obtain a correspondence of the type (|1.2|) with additional mass 
terms for fermions and scalar s in the supersymmetric Bogomolny equations. 

The twistorial description of the supersymmetric Bogomolny equations on R'^ has the 
nice feature that it yields novel methods for constructing explicit solutions. For simplicity, 
we restrict our discussion to solutions where only fields with helicity ±1 and a Higgs field 
are nontrivial. The corresponding Abelian configurations give rise to the Dirac monopole- 
antimonopole systems. For the non-Abelian case, we present two ways of constructing so- 
lutions: First, by using a dressed version of the Penrose- Ward transform and second, by 
considering a nilpotent deformation of the holomorphic vector bundle corresponding to an 
arbitrary seed solution of the ordinary Bogomolny equations. 

The organization of the paper is as follows. In section 2, we review the geometry of the 
(super)manifolds and the field theories involved in the = 4 supertwistor correspondence. 
In particular, the equivalence of hCS theory on the supertwistor space 

p3|4 ^ j^4|8 ^ ^2 

A/" = 4 SDYM theory on R^ is recalled. Translations along the x^-axis in R^ induce actions of 
a real and a complex one-parameter group on the space 

p3|4^ which are described in section 
3. Taking the quotient of V^^^ with respect to these groups yields the orbit spaces J-^^^ 
and "P^l^. In section 4, the partially holomorphic Chern-Simons theory (which is naturally 
defined on T^^^) is introduced and its equivalence to a supersymmetric Bogomolny model 
on R^ is proven. In section 5, we extend this equivalence to a holomorphic BF theory on 
the mini-supertwistor space "P^'^, thus completing the picture H1.2|) . The deformations of the 
complex structure on the mini-supertwistor space P^'^ and of the CR structure on the space 
J^5|8 yield additional mass terms in the Bogomolny equations together with a detailed 

analysis of the geometric background are presented in section 6. Section 7 is concerned 
with the construction of explicit solutions to the supersymmetric Bogomolny equations: we 
describe two solution-generating algorithms and give some examples. Eventually, we briefly 
comment on a twistor correspondence for the full A/" = 8 SYM theory in section 8. While 
appendices A and B cover some technical details, appendix C provides some remarks on the 
supertwistor correspondence for the case of signature [+-\ — ). 

2. Geometry of the M = A supertwistor space 
2.1. Euclidean twistors in real and complex setting 

General case. Let us consider a smooth oriented real four-manifold X with a metric g of 
signature (+-|— I--I-) and the principal bundle P(X, S0(4)) of orthonormal frames over X. 
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The twistor space Z oi X can be defined^ as the associated bundle 



Z := P(X,SO(4))xso(4)(SO(4)/U(2)) (2.1) 
with the canonical projection 

TT : Z X . (2.2) 

The fibres of this bundle are two-spheres 5^ = SO(4)/U(2) which parametrize almost complex 
structures on the tangent spaces TxX. As a real manifold, Z has dimension six. 

Note that while a manifold X admits in general no almost complex structure, its twistor 
space Z can always be equipped with an almost complex structure J' [23] • Furthermore, J' 
is integrable if and only if the Weyl tensor of X is self-dual [241 123j . Then Z is a complex 
three-manifold with an antiholomorphic involution r (a real structure) which maps J — J 
and the fibres of the bundle (|2.2j) over x ^ X are r- invariant projective lines CP;[., each of 
which has normal bundle C'(l)0O(l)in the complex manifold Z. 

The projective space CP'^. It follows from ()2.1|) that the twistor space of the four-sphere 
5^ endowed with the canonical conformally flat metric is the complex projective space CP^ 

^ P{^s\^0m Xso(4) (SO(4)/U(2)) . (2.3) 

In the following, we describe this space by the complex homogeneous coordinates [lo^ 
subject to the equivalence relation (a;'^,Aa) ~ (tu"- ^tX^) for any t G C*, where the spinor 
indices a, /5, . . . and a, $, . . . run over 1, 2 and 1, 2, respectively. The real structure r on <CP^ 
is induced by the anti-linear transformations 

While there are no fixed points of r in CP^ there are r-invariant rational curves 

The twistor space of R^. By definition (|2.H) . the twistor space of the Euclidean space 
is 

Z = P(R^S0(4)) xso(4) (SO(4)/U(2)) ^ x S\ (2.5) 

Having in mind that = 5^\{cx3}, one can identify the twistor space Z of R'^ with the 
complex three-manifold V'^ := CP^\<DP^. Here, the point oo G 5^ corresponds to the 
projective line CP^ C CP"^. Note that we can choose to parametrize this sphere CP^ by 
the homogeneous coordinates (A^) = (0,0)^ and (w") / (0,0)^. Thus, one can obtain V 
by taking the subset (Aq,) ^ (0, 0)"^ on CP^ and a real structure r on is induced from the 
one on CP^ This space together with r is diffeomorphic to the space (|2.5|) . 

^3 ^ CP3\CP^ ^ xS^ (2.6) 

and therefore is the twistor space of R'^ with the canonical projection 

vr : p3 ^ R^ . (2.7) 



^Further (equivalent) definitions of tlie twistor space Z can be found in appendix C. 
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We can cover by two patches Uj^ and for which Aj^ 7^ and 7^ 0, respectively, 
and introduce the coordinates 



— — , 2:+ — T- — . A+ on 

= ^ , £ = ^ =: A_ on W_ 



(2i 



which are related on Uj^ Pi by the equations 



\ zt and = ^ . (2.9) 



Prom this, it follows that coincides with the total space of the rank 2 holomorphic vector 
bundle 0{\) © 0(1) over the Riemann sphere CP^, i.e. 

p3 ^ ^pl ^-^1^ -p3 ^ ^ _ (2.10) 

The base manifold CP^ of this fibre bundle is covered by two patches U± = IA± fl CP^ with 
affine coordinates A±. 

The real structure r on induced by the transformations ()2.4() acts on the coordinates 
(|^ as follows: 

r(4,4,zi) = f±f±,^f±,-^) . (2.11) 



It is not difficult to see that (analogously to the case of CP^) r has no fixed points in 
but leaves invariant projective lines CP^ joining the points p and r(p) for any p ^ V^. For 
two other possible real structures on V^, see e.g. [2]. 

Incidence relations. Global holomorphic sections of the bundle (|2.1()j) are locally polyno- 
mials of degree one in X±. Introducing the spinorial notation 

(A+) := ^ and (A,) := ^ ^ , (2.12) 

one can parametrize these sections by the moduli x = (x"") G as 

4 = 2;""A^ (2.13) 

over the patches U±. These sections describe a holomorphic embedding of rational curves^ 
CP;J,^P'^ for fixed x £ C^. On the other hand, for each point p = (2;±,A^) S V^, the 
incidence relations 1)2.13^ define a null (anti-self-dual) two-plane (/3-plane) in C^. The corre- 
spondences 

{projective lines CP;^. in "P^j < — 1. {points x in C^} , 

{ points pinV^} < — > { /?-planes in C^} 



"By the Kodaira theorem |25| . the complex dimensions of the moduh space parametrizing a family of 
rational curves embedded holomorphically into V'^ is dime -H'''(CP^, 0(1) ® 0(1)) — 4 and there are no 
obstructions to these deformations since H^{CP^, 0(1) © 0(1)) = 0. 
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between subspaces in and C*^ can be described by a double fibration (see e.g. [21 and 
references therein). Those curves CPI.^V^ which are invariant under the involution r 
defined in (|2.11j) are parametrized by moduli x G satisfying the equations 

(2.15) 









[ 


] 











( 


\ 






1 - 1 




j 



and therefore we can introduce real coordinates (x^) € R'^ with = 1, . . . , 4 by^ 



„22 _ ^11 _. ,,^1 ,^2) ^21 ^ _-12 ^. _i(^3_.^4)^ (2.I6) 



X = X =: —IX —IX 



These are coordinates on the base of the fibration — > R^, which parametrize r-real 
holomorphic curves CPI-^V^ , and come naturally with the Euclidean metric 

ds^ = det(dx"^) = 5^^dx''dx'' . (2.17) 

Other real structures on V"^ give rise to a metric with signature (+H ) on R^. 

2.2. The twistor space of as a direct product of complex manifolds 

Coordinate transformations. Recall that the twistor space of R^ can be considered 
both as the smooth manifold R^ x 5"^ and as the complex manifold "P^ because there 
is a diffeomorphism between them. Switching to the coordinates x°^ from (|2.16j) and to 
X± = Re X± +ilm A±, we identify R^ with and S"^ with <DP^, respectively. Thus, we have 
further diffeomorphisms 

xS^ ^ X CP^ ^ . (2.18) 
The latter is defined by (|2.13|) and ()2.15|) . and its inverse reads explicitly as 

li z\ + z\z\ z^_z\ + z^_ ^+ ~ ^+^+ ztz^ — zi 



l + z\z% l + z3^3 ' l + z\z\ l + z3^3 ' ^^2.19) 

A± = 4 • 

Note that while the complex manifolds and (D^ x (DP^ are diffeomorphic, they are not 
biholomorphic as their complex structures obviously differ. 

Vector fields. On the complex manifold V^, we have the natural basis {g^, aF"} 
space of antiholomorphic vector fields. On the intersection IAj^ DU^, we find 

^ - ^ and i = -(z-3)2-^-£r-^. (2.20) 



dz'^ dz"^ dz'± dz°t 

Using formula (|2.19|) . we can express these vector fields in terms of the coordinates (x"^, X±) 
and their complex conjugates according to 



d _ d aiT7+ d _ d oa^r- 



^Note that our choice of relations between a;"" and a:'' differs from that of (2). 



7 



where we have used 

= e°^At with ^ _ 21 ^ ^ ._ L_ = ,J_ (2.22) 

^ ^ ^ 1 + A±A± A^A± ^ ' 

together with the convention e^j = ~^2i which imphes = ^2- Thus, the vector 

fields 

= - ^ (2.23) 

form a basis of vector fields of type (0, 1) on U± C in the coordinates (x"", A±, A±). 
Forms. It is easy to check that the basis of (O,l)-forms on IA±, which are dual to the vector 
fields H2.23|) . is given by 

El = -7±A^dx"" and E% = dA± , (2.24) 

where 



One can easily verify that 




-Ah 
1 

-1 

A_ 



(2.25) 



d\ui = d4^ = ElVt for a = 1,2,3, (2.26) 
and E'i^V^ = E"^V^ on U-^- OU-. More details on twistor theory can be found in the books 

2.3. Supertwistor spaces as complex supermanifolds 

The supermanifolds CP'^'^ and P^'^. An extension of the twistor space to a Calabi- 
Yau supermanifold is the space <CP^^'^ which is described by homogeneous coordinates (w", 

rji) G (D^l^\{0} subject to the identification (w", Xa,ili) ^ {tuj" ,tXa,tr]i) for any t € C* p. 
Here, (w", A^) are the homogeneous coordinates on the body <CP"^ and r]i with i = 1, . . . , 4 
are complex GraBmann variables. 

Similarly to the bosonic case, we introduce the space 

^3|4 ._ (Cp3|4\(|-,pi|4 demanding 
that the Aq, are not simultaneously zero. This space is an open subset of CP^'^ covered by 
two patches U+ and U- with bosonic coordinates (|2.8|) and fermionic coordinates 

r/+ = ^ on U+ and ??r = ^ on . (2.27) 

Ai A2 

The latter are related by rjf = {z^)~^r]^ on the intersection U-^- nU-. From this, it becomes 
clear that is the following holomorphic vector bundle^ over (DP^: 

p3|4 ^ (ppi ^-^j^ p3|4 ^ o(i)®c2enc'(i)oc^ . (2.28) 

The fibres over A G CP^I° = CP^ are the superspaces C^'^. In the following, we will refer to 
■p^l^ as the = 4) supertwistor space. 

*The operator 11 inverts the parity of the fibre coordinates of a vector bundle. 
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Incidence relations. Holomorphic sections of the bundle (|2.28|) are polynomials of degree 
one in A-t-. They are defined by the equations 

4 = ^S"A± and r/± = 7?fA± on (2.29) 

and parametrized by the moduli {x'f^,rjf) € C^'®. The latter space is called the TV = 4 
(complex) anti-chiral superspace. In the following, we omit the subscript R for brevity. 

Equations (IT^ define a curve GPI^^^V'^"^^ for fixed (x,r/) = (x°^,r/f) € C^l^ and a 
null /3-superplane of complex dimension (2|4) in C^'^ for fixed p = (z^, A±, r/^) G 'P'^l^. Thus, 
the incidence relations ()2.29|) yield the correspondences 

{projective lines C-Pi, „ in P^l^} < — > {points (x,ry) in C^'®} , 

214 (^•^^) 

{ points p in 

773|4| , — , { /3-superplanes Cp' in C^l^} , 
which can be described by a double fibration (see e.g. [2]). 



2.4. Real structure on the = 4 supertvi^istor space 

Reality conditions. The antiholomorphic involution t : ^ given by (|2.11|) can be 

extended to an antiholomorphic involution r : T-"^'^ 'p^\^ by defining 

/ -1 \ 



1 



with (Tj- 



(2.31) 
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-1 
\ 1 / 

for the fermionic coordinates Vjf on 7^^'^. On the moduli space C^'*, this corresponds to the 
involution (|2.15j) for the bosonic coordinates and to 



44> T 



vl vl vl vl 

2 2 2 2 
V2 V3 Va 



-V2 



vl 
-vl 



-vl 
vl 



vl 
-vl 



(2.32) 



for the fermionic coordinates ry" . From 1)2. 32[) , one can directly read off the reality conditions 



r{vt) = Vf ^ Vf = -T^V] , (2.33) 

which we impose on the GraBmann variables ryf . These reality conditions together with 
p.l6|) define the TV = 4 (anti-chiral) superspace IR^'^ = C^'^. Thus, "P^'^ is the supertwistor 
space for the Euclidean superspace R'^'^. 

Coordinate transformations. Note that formula (|2.29jl with x"" and ijf obeying the 
reality conditions ()2.16|1 and 1)2. 33(1 define the diffeomorphisms 



jj^4|8 X ^ C^l"^ X (CP^ ^ P^l^ 



(2.34) 



The map from 'P^\^ to the space C^'^ x CP^ with complex coordinates {x"'^ ,r]j , X±) is given 
by (pl9l) and 



vl 



vl 



vt - 4^2" 


z_r]^ - 


V2 


1 + zlzl 


1 + ^^ 


zl 


vt - zlvt 


z^Vs - 


Vi 


1 + zlzl 


1 + zi 





vl 



vl 



V2 + z+vi 

1 + z\z\ 

vt + ^+vt 
1 + zizi 



z'il]2 +Vl 

1 + z^z^ 

z^^Va + % 
1 + z^z^ 



(2.35) 
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together with (|2.33|1 . The formute (|2.19|) and (|2.35|1 define also a (smooth) projection 

p3|4 ^ ^4|8 ^ ^2.36) 

Odd vector fields and forms. The odd antiholomorphic vector fields tSt on V^^^ can be 
expressed due to ()2.33|) and (|2.35|) in terms of coordinates on C^'^ x CP^ as follows: 



or 



drjf dr]2 dr]2 drjf 

d ad -4 d ^ d 

d 



(2.37) 



for short. Therefore, the odd vector fields 



l±Tj'Vl (2.38) 



Vi = Ai-^ (2.39) 

complement the vector fields (|2.23p to a basis of vector fields of type (0,1) on U± C 'P^''* 
in the coordinates (x"", A±, A±, r/f ). The basis of odd (O,l)-forms dual to the vector fields 
(|2.39|1 is given by 

Ef = -7±A^dr?f . (2.40) 
Note that on the supermanifold T^^'*^, the transformations for in 1)2. 21() are changed to 

^ - ^ 7+^"^^a+-7+r/ln and = J- - ^.x^^y- + ^„^2^1 , (2.41) 



and we obtain 

For a discussion of other real structures on V^^^ related with signature (+H ), see e.g. [2]. 

Holomorphic integral form. Let us furthermore introduce the (nowhere vanishing) holo- 
morphic volume element 

:= ±d4 A d4 A dz|dr/f • • • dr/J (2.43) 

on V^^^. This holomorphic volume element exists since the Berezinian of T^''^'p3|^ is a trivial 
bundle, and this implies that "P^'^ is a Calabi-Yau supermanifold. Note, however, that 
is not a differential form in the Graf5mann coordinates, since Grai5mann differential forms 
(as the ones used e.g. in (|2.40)) ) are dual to Graf5mann vector fields and thus transform 
contragrediently to them. Berezin integration is, however, equivalent to differentiation, and 
thus a volume element has to transform as a product of Graf^mann vector fields, i.e. with the 
inverse of the Jacobian. Such forms are called integral forms and for short, we will call Cl a 
holomorphic volume form, similarly to the usual nomenclature for Calabi-Yau manifolds. 
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2.5. Holomorphic Chern-Simons theory on 

Recall that the open topological B-model on a complex three-dimensional Calabi-Yau mani- 
fold with a stack of n D5-branes is equivalent to holomorphic Chern-Simons theory and 
describes holomorphic structures on a rank n vector bundle over the same space. In the 
following, we will study this setting on the supertwistor space P^l^. 

Equations of motion. Consider a trivial rank n complex vector bundle £ over V^^^ and a 
connection one- form ^ on We can use the holomorphic volume form ()2.43|1 to write down 
an action for holomorphic Chern-Simons theory on V^^^, 

ShCS = [ ^ A tr A BA^'^ + ^A^'^ A A°'^ A ^°'^) , (2.44) 

where ^ is the subspace of V^^^ for which fif^ = 0, d is the antiholomorphic part of the 
exterior derivative on P^l^ and A^'^ is the (0, 1) component of A which we assume to satisfy^ 
V^{V^jA'^'^) = and V^-j^*^'^ = 0. The equations of motion of this theory are readily 
derived to be 

+ A = . (2.45) 

Equivalence to A/" = 4 SDYM theory. By linearizing (|2.45|) around the trivial solution 
^O'l = 0, Witten has shown P that the equations 1)2. 45(1 are equivalent to the field equations 
of A/" = 4 self-dual Yang-Mills (SDYM) theory^" on R^. On the full nonlinear level, this 
equivalence was demonstrated in The = 4 SDYM equations on the Euclidean space 
K,^ take the form 

□^u = , (2.46) 

where /^^ := —^^"'^ Faa/3i3 denotes the anti-self-dual part of the curvature F^^^^ = 
[Daa,Dp^]. The fields in the A/" = 4 supermultiplet {fai3,XaA'^,Xia,G^^) carry the he- 
licities (-1-1, +^,0, — |, —1), and Aaa in Daa = daa + Aaa are the components of a (self-dual) 
gauge potential. Furthermore, we have introduced the abbreviation (pij := ^Eijki'P^^ as well 
as the operator □ := ^e^^e^^L'o.QZ)^^. Note that all the fields live in the adjoint represen- 
tation of the gauge group. For proving this equivalence via a twistor correspondence, one 
considers only those gauge potentials AP'^ for which the component d^^^jA^'"^ can be gauged 
away 0. This means, that one works with a subset^^ in the set of all solutions of hCS theory 
on 'P'^l^. In the following, we always imply this restriction when speaking about a twistor 
correspondence. 

®Here, "j" denotes the interior product of vector fields with differential forms. 
'^"This theory was introduced in 0. 

^^This subset contains in particular the vacuum solution AP'^ = 0, and therefore hCS theory is perturba- 
tively equivalent to N = A SDYM theory. 
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Cech description. Note that solutions ,4,^'^ to (|2.45j) define iiolomorphic structures d_A = 
d + A^'^ on £ and thus {£, dX) is a holomorphic vector bundle (with trivial transition func- 
tions) in the Dolbeault description. To switch to the Cech description, we consider the 
restrictions of A^'^ to the patches L{±. Since A^'^ is flat due to H2.45|) . we can write it locally 
as a pure gauge configuration, 

= V'+<9V'+^ and A°'^\jj_ = V-^V^I^ , (2.47) 

where the 'ip± are GL(n, C)-valued functions on U± such that V±V'± = 0- The nontriviality 
of the flat (O,l)-connection arises from the gluing condition on U^^- OU- which reads as 

ip+dip+^ = V-^V'I^ , (2.48) 

since is a trivial bundle. Upon using the identity = , one obtains 

a('0+V-) = (2.49) 

and thus, we can define a holomorphic vector bundle £ V^^^ with the holomorphic structure 
d and a transition function 

/+- := • (2.50) 

One should stress that the bundles £ and £ are diffeomorphic but not biholomorphic. In this 
description, the above assumed existence of a gauge in which Axj_ = is equivalent to the 
holomorphic triviality of the bundle £ when restricted to any projective line CPI. ^^^V^^^. 
Note that the condition 

V^+(x,ryf,A+) = (V^zHr(x,7?f,A_)))^ , 

. . .t (2-51) 

^ /+-(x,r?f,A+) = (^/+_ (r(x,r?f,A+))j 

corresponds in the Dolbeault description to the fact that all the fields in the supermultiplet 

(/q/3, G'a/j) take values in the Lie algebra u(n) (or su(n) if det = 1). 

Summarizing, there is a one-to-one correspondence between gauge equivalence classes of 
solutions to the M = 4 SDYM equations on (R^, 6^^) and equivalence classes of holomorphic 
vector bundles £ over the supertwistor space V^^^, which become holomorphically trivial 
when restricted to any r-invariant projective line CPI. ,^^V^^'^. Furthermore, because of the 

equivalence of the data {£, /_) , d) and {£, = 1„, d_/[), the moduli space of hCS theory on 

(7?3|4^^-j -g ]3ijgci;ive to the moduli space of TV = 4 SDYM theory on (JR,'^,Sf^i^). 

3. Cauchy-Riemann supermanifolds and mini-supertwistors 

The super symmetric Bogomolny monopole equations are obtained from the four-dimensional 
super symmetric self-dual Yang-Mills equations by the dimensional reduction — > R^. In 
this section, we study in detail the meaning of this reduction on the level of the supertwistor 
space. We find that the supertwistor space P'^'^, when interpreted as the real manifold 
]]^4|8 ^ reduces to the space R'^l® x S^. As a complex manifold, however, V^^'^ reduces 
to the rank 1|4 holomorphic vector bundle ^^14 — ^(2) © 110(1) over <CP^. Due to 
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this difference, tlie twistor correspondence gets more involved (one needs a double fibration). 
We also show that on the space R^l* x S"^, one can introduce a so-called Cauchy-Riemann 
structure, which generalizes the notion of a complex structure. This allows us to use tools 
familiar from complex geometry. 

In later sections, we will then discuss the supertwistor description of the supersymmetric 
Bogomolny equations and, in particular, the reductions of hCS theory ()2.44|) and 1)2.45(1 to 
theories on "P^l^ and IR^'^ x S'^, which lay the ground for future calculations using twistor 
string techniques. 

3.1. The dimensional reduction R"^^ x ^ IR^I^ x 

Supersymmetric Bogomolny equations. It is well known that the Bogomolny equations 
on describing BPS monopoles [301 1^ can be obtained from the SDYM equations on 
by demanding the components with = 1, . . . , 4 of a gauge potential to be independent 
of and by putting $ := ^4 [SI CHI Here, $ is a Lie-algebra valued scalar field in 
three dimensions (the Higgs field) which enters into the Bogomolny equations. Obviously, 
one can similarly reduce the = 4 SDYM equations (|2.46|) on by imposing the 
invariance condition on all the fields {fai3,Xai (^^^ iXia-, G^j^) in the supermultiplet and obtain 
supersymmetric Bogomolny equations on R'^. Recall that both 7\A = 4 SDYM theory and 
A/" = 4 SYM theory have an SU(4) = Spin(6) R-symmetry group. In the case of the full 
A/" = 4 super Yang-Mills theory, the R-symmetry group and supersymmetry get enlarged to 
Spin(7) and TV = 8 supersymmetry by a reduction from four to three dimensions, cf. |14j . 
However, the situation in the dimensionally reduced TV = 4 SDYM theory is more involved 
since there is no parity symmetry interchanging left-handed and right-handed fields, and only 
the SU(4) subgroup of Spin(7) is manifest as an R-symmetry of the Bogomolny model. 

The reduction R^^l* B?\^. Recah that on R^ ^ we may use the complex coordinates 
x"" satisfying the reality conditions (|2.15|) or the real coordinates x^ defined in (|2.16|) . 
Translations generated by the vector field := are isometrics of R^'^ and by taking the 
quotient with respect to the action of the Abelian group := {exp(a^) : 1— > x^+a, a G R} 
generated by 3^4,^ we obtain the superspace R'^'^ = R^l^/$f . Recall that the eight odd complex 
coordinates rjf satisfy the reality conditions (|2.33() . The vector field =^ is trivially lifted to 
R^l® X S"^ (see e.g. |^) and therefore the supertwistor space, considered as the smooth 
supermanifold R^l® x 5^, is reduced to R^l® x 5^ = R^l® x In other words, smooth 

=3^-invariant functions on P^K ^ ^ 5-2 

can be considered as "free" smooth functions on 

the supermanifold R^l^ x S"^. 

Bosonic coordinates on R'^l^. Recall that the rotation group S0(4) of (R^,5^jy) is locally 
isomorphic to SU(2)x x SU(2)/j = Spin(4). Upon dimensional reduction to three dimensions, 
the rotation group S0(3) of (R'^,^,.^) with r, s = 1,2,3 is locally SU(2) = Spin(3), which is 
the diagonal group diag(SU(2)i x SU(2)^). Therefore, the distinction between undotted, i.e. 
SU(2)i, and dotted, i.e. SU(2)/j, indices disappears. This implies, that one can relabel the 
bosonic coordinates x°^^ from (|2.15() . (|2.16() by and split them as 

x"^ = x(°^)+x[°^l := i(x"^ + x'^°) + i(x'^^-x^°) , (3.1) 
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into symmetric 

//^ := -ix("^) with y^^ = -f^ = {x^ + iar^) =: y , y^^ = y^^ = -x^ (3.2) 

and antisymmetric 

parts. More abstractly, this sphtting corresponds to the decomposition 4 = 3 © 1 of the 
irreducible real vector representation 4 of the group Spin(4) = S'U{2)l x SU(2)fl into two 
irreducible real representations 3 and 1 of the group Spin(3) = SU(2) = diag(SU(2)L x 
SU(2)ij). For future use, we also introduce the operators 

which read explicitly as 

^(ii) = ^ ' = 1^2 = ^ ■ (3.4b) 

Altogether, we thus have 

3.2. The holomorphic reduction P^l^ p2|4 

The complex Abelian group action. The vector field £^4 = yields a free twistor 
space action of the Abelian group ^ = R which is the real part of the holomorphic action of 
the complex group = C In other words, we have 



_ d _ dz% d dzl d 



dz\. dz\ J V dzi_ ^ dz. 



(3.6) 



in the coordinates (2;" , 77^) on where 

^'\u. = -9^ + 4^ (3.7) 
is a holomorphic vector field on 14+. Similarly, we obtain 

^4 = r + ^L with STL := = -^'-^ + ^ (3.8) 

on W_ and = =^ on n W_. For holomorphic functions / on P^l^ we have 

5^4/(4, = ^7(4,^.^) (3.9) 

and therefore ^'-invariant holomorphic functions on V'^^^ can be considered as "free" holo- 
morphic functions on a reduced space 

-p2|4 ^ -p3|4/^^ obtained as the quotient space of P3|4 
by the action of the complex Abelian group ^<£, generated by 3^' . 
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Reduction diagram. In the purely bosonic case, the space V = "P was called mini- 
twistor space |15j and we shall refer to P^'^ as the mini-supertwistor space. To sum up, the 
reduction of the supertwistor correspondence induced by the j54-action is described by the 
following diagram: 



V 



3 4 




4 8 



(3.10) 



p2|4 j^3|8 

Here, J, symbolizes projections generated by the action of the groups 5^ or 
canonical projection. The projection tt2 will be described momentarily. 



and vTi is the 



3.3. Geometry of the mini-supertwistor space 

Local coordinates. It is not difficult to see that the functions 

wl := -i(4 + 44)' ^+ ■= 4 and r?+ on U+ , 

1 / '^1\ 'X — \ / 

•w_ := —i\z_^z_z_) , w_ := z_ and t]^ on lA- 

are constant along the §f(c-orbits in 'P^l'* and thus descend to the patches V± := U± n P^l'* 
covering the (orbit) space T'^'^ = T^^l^/S^c- On the overlap V+ Pi V_, we have 

w\ = \ ,n w]_ , tt;^ = ^ and 77+ = -^r]' (3.12) 

which coincides with the transformation of canonical coordinates on the total space 

0(2) enO(l) = 7^214 (3.13) 



of the holomorphic vector bundle 

p2|4 ^ ^pl _ ^3^^^^ 

This space is a Calabi-Yau supermanifold Jl] with a holomorphic volume form 

:= zbdt/;^ A dt(;^dr?f ■ ■ ■ drjf . (3.15) 

The body of this Calabi-Yau supermanifold is the mini-twistor space ^S] 

p2 ^ 0^2) ^ T^'^CP^ , (3.16) 

where T^'^^CP^ denotes the holomorphic tangent bundle of CP^. Note that the space V"^^^ 
can be considered as an open subset of the weighted projective space V7CP^'^(2, 1, 1|1, 1, 1, 1). 
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Incidence relations. The real structure r on 'P^\'^ induces a real structure on T-*^'^ acting 
on local coordinates by the formula 

r^ui,ui.4) = (-^,-Jj,±-jLj..x,±) , (3.17) 

where the matrix T = (Ti^) has already been defined in (|2.3H) . From (|3.17|) . one sees that r 
has no fixed points in 'P^''^ but leaves invariant projective lines GPI. jj^'P'^^^ defined by the 
equations 

wl = y- 2A+x^ - Xly , r/+ = rj^ + X+rjf with X+ = wl e U+ , 

(o.loj 

= A^y - 2X^x^ - y , r]^ = X^rj] + r]f with X- = uPi & U- 

for fixed (x, 77) € IR'^'^. Here, y = + ix^, y = — \x^ and are coordinates on IR^. 
By using the coordinates H3.2|) . we can rewrite p.l8() as 

w\ = A±A±/'3 = x± and r?f = r?f A± , (3.19) 

where the explicit form of A^ has been given in l|2.12|) . In fact, the equations (|3.19|) are the 
incidence relations which lead to the double fibration 

_^5|8 

\Tn (3.20) 
p2|4 ^3|8 

where J^^l*^ ^ IR^ls ^ 5-2 

TTi is again the canonical projection onto R^l^ and the projection 7r2 
is defined by the formula 

vr2(x^A±, r?f) = ^2(/^A±7?f) = {wi,wl,r,t) , (3.21) 

where r = 1,2, 3, and w^'^ and ry^ are given in ()3.19|) . The diagram (|3.2U() . which is a part 
of (|3.1U|) . describes the one-to-one correspondences 



{r-invariant projective lines CP^,j in "P^l^} < > {points {x,r]) in R'^'*} 

{points p in P^l^} < — > {oriented (l|0)-dimensional lines £p in R'^l^} . 

3.4. Cauchy-Riemann supertwistors 



(3.22) 



Cauchy-Riemann structure. Consider the double fibration ()3.2U() . For a moment, let us 
restrict ourselves to the purely bosonic setup. The body of the space R'^l® x 5^ is the real 
five-dimensional manifold R,^ x S^. As an odd-dimensional space, this is obviously not a 
complex manifold, but it can be understood as a so-called Cauchy-Riemann (CR) manifold, 
i.e. as a partially complex manifold. Recall that a CR structure on a smooth manifold X of 
real dimension d is a complex subbundle ^ of rank m of the complexified tangent bundle 
T(cX such that ^ fl = {0} and ^ is involutive (integrable) , i.e., the space of smooth 
sections of ^ is closed under the Lie bracket. Obviously, the distribution^^ is integrable if 



^We use the same letter for the bundle & and a distribution generated by its sections. 
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Qj is integrable. The pair (X, ^) is called a CR manifold of dimension d = dimj^X, of rank 
m = dime ^ and of codimension d — 2m. In particular, a CR structure on X in the special 
case d = 2m is a complex structure on X. Thus, the notion of CR manifolds generalizes that 
of complex manifolds. 

On the manifold x 5^, one can introduce several CR structures. One of them, which we 
denote by ^o, is generated by the vector fields {dy, d^^} and corresponds to the identification 
J'l := (1R3 X ^o) = 11 X C X <CP^. Another one, denoted by is spanned by the basis 
sections of the bundle rc;(lR^ x S^). Moreover, = {0} and the distribution 

# is integrable since [d^i^,d^2] = 0. Therefore, the pair (IR^ x =: is also a CR 

manifold. It is obvious that there is a diffeomorphism between the manifolds J-^ and J-q, but 
this is not a CR diffeomorphism since it does not respect the chosen CR structures. Note 
that a CR five-manifold generalizing the above manifold J-^ can be constructed as a sphere 
bundle over an arbitrary three- manifold with conformal metric [2J|. Following [2^, we shall 
call J^^ the CR twistor space. 

So far, we have restricted our attention to the purely bosonic setup. However, the above 
definitions carry naturally over to the case of supermanifolds (see e.g. |S1])- Namely, by 
considering the integrable distribution ^ generated by the vector fields d^i , 8^2 and d-± , 
we obtain the CR supertwistor space 

with 



^P^^^T^T'tJ^' Al^ ■ (3-24) 



Similarly, we obtain the CR supermanifold JFq'^ := (R'^l'^ x 5^,i^o) for the distribution ^0 = 
spanj-^, — -^|. In both cases, the CR structures have rank 2|4. 

Real and complex coordinates on JF^'^. Up to now, we have used the coordinates 
{y,y,x^ , X±,X±,r]f) or (y"^, A^, A^, r/f ) on the two patches V± covering the superspace 
]]^3|8 ^ More appropriate for the distribution (|3.24j) are, however, the coordinates ()3.18|) 
together with 



w 



3 1 



[X+y + {1 - X+~X+)x^ + X+y] on V4 



w 



3 1 



(3.25) 



[A_y-h (A_A_ - l)a;3 A_y] onV_ 



1+A_A_ 

In terms of the coordinates ()3.2() and A^ from 1)2. 12() . we can rewrite 1)3. 18(1 and (|3.25|) 
concisely as 

wi = A±A|y°^ , wl = X^, wl = -7±A±A|y"^ and r/± = ryf A± , (3.26) 

where the factors 7± have been given in (|2.22|1 . Note that the coordinates w"^ are real and 
all the other coordinates in (|3.26|) are complex. The relations between the coordinates on 
V+ n V- follow directly from their definitions (|3.26jl . 
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Projection onto "P^l^. The coordinates w^'^ and have already appeared in (|3.19jl since 
■p^l'* is a complex subsuper manifold of !F^\^. Recall that the formute (|3.21l) together with 
(|3.26|1 define a projection 

7r2 : .F^l* ^ p2|4 (3 27) 

onto the mini-supertwistor space P^'^. The fibres over points p £ V"^^^ of this projection 
are real one-dimensional spaces ip = M. parametrized by the coordinates w"^. Note that the 
pull-back to J-^^^ of the real structure r on P^'^ given in (|3.17j) reverses the orientation of 
each line £p, since t{w^) = —w^. 

In order to clarify the geometry of the fibration (|3.27|) , we note that the body = R'^ x S'^ 
of the supermanifold J-^^^ can be considered as the sphere bundle 

^(m^) = {{x,u) G tr3 I s^^u^'u' = 1} ^ X (3.28) 

whose fibres at points x G R'^ are spheres of unit vectors in T^jlR^ jI5j. Since this bundle 
is trivial, its projection onto is obviously Tri{x,u) = x. Moreover, the complex two- 
dimensional mini-twistor space can be described as the space of all oriented lines in R,^. 
That is, any such line i is defined by a unit vector n'" in the direction of i and a shortest 
vector v"^ from the origin in R^ to £, and one can show ^2] that 

p2 = {{v,u) eTn^\6rsu''v' = 0, 6rsu''u' = l} ^ T^^'^CP^ ^ 0{2). (3.29) 

The fibres of the projection 7r2 : R^ x 5^ ^ "P^ are the orbits of the action of the group 
^' = R on R'^ X 5"^ given by the formula {v^',u^) i-^ {v^ + tu'^,u^) for t G R and 

p2 ^ R^ X S'^/W . (3.30) 

Recall that J-^ = R'^ x 5"^ is a (real) hypersurface in the twistor space V^. On the other 
hand, is a complex two-dimensional submanifold of J-^ and therefore 

jy2 ^ j:5 ^ -p3 _ (3.31) 
Similarly, we have in the supertwistor case 

p2|4 ^ _^5|8 ^ p3|4 _ ^3 32) 

Vector fields on J^^^^. The formula (|3.18|) and (|3.25j) define a coordinate transformation 
{y,y,x^ , \±,\±,r]f) I— > {wj.,T]^) on JF^I^. From corresponding inverse formulae defining the 
transformation {'Wj.,r]f) i— > {y,y,x^,X±,X±,r]f), we obtain 

W+ + 2il{x^ + \+y)Wt - yliS - SA+rc" - \ly)W+ - j+nM . (3.33a) 



d 
d 
d 
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as well as 



d 2 f \2 d ^ d d ^ 2 w- 



dwl_ \ dy dx^ dy 

d 



dw 



2 



H^2~ + 27! (x' - A_y)W^f + Y_{\iy - 2A_x^ - y)W^ + ^.fjtVl , (3.33b) 



Sw"^ \ dy dy 2 dx^ 

d 



where := gj-- Thus, when working in the coordinates (y, y, x^, A±, A±, r/f ) on V± C ^^1^, 



we will use the bosonic vector fields with o = 1,2,3 and the fermionic vector fields 
together with their complex conjugates'^ ^1^2 respectively. 

In the coordinates (y"^, A^, A^, r/"), the vector fields W^, Vj_ and their complex conju- 
gates read as 

Wt = A^Ai9(„^) , Wt = d,^ , Wt = 27±A^Aia(.^) , 

.8 (3.34a) 
= -A^T/ 



as well as 



Wt = -A^Ai5(.^) , Wt = d-,^ , 1^3^ = Wt = 27±AiAia(.^) , 

d (3-34b) 



14 = A^ 



where 




(A^) = ( ,M and (A^) = ( • (3.35) 



Recall that the vector fields W^, and V^. generate a distribution ^ (CR structure) on 
]]^3|8 ^ ^2^ which is obviously integrable as these vector fields commute with each other. 
Forms on J^^^^. It is not difficult to see that forms dual to the vector fields ()3.34ap and 



are 



0± := 7±A^A±d/^ , el := dA± , := -j^xfx^dy"^ 



(3.36a) 



and 



0± = -7±A^A|d/^ , Ql = dA± , e| = ei , 



(3.36b) 



where Ti^ has been given in (|2.31() . The exterior derivative on JF^I* reads as 

Q Q d d Q Q Q 



^± " ^dwl^ ^dwl ^^^^dwl^ ^dwl^ ^dwl^ dr,f ^ dnf 
Q\W^ + Qlw:^ + Q\W^ + Qlw:^ + e^Wg^ + EfV^ + Efvi . (3.37) 



^^Note that the vector field is real. 
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Note again that 0^ and are both real. 
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4. Partially holomorphic Chern-Simons theory 

We have discussed how the mini-supertwistor and CR supertwistor spaces arise via dimen- 
sional reductions from the supertwistor space of four-dimensional spacetime. Subject of this 
section is the discussion of a generalization of Chern-Simons theory and its relatives to this 
setup. We call the theory we are about to introduce partially holomorphic Chern-Simons the- 
ory or phCS theory for short. Roughly speaking, this theory is a mixture of Chern-Simons 
and holomorphic Chern-Simons theory on the CR supertwistor space J-^^^ which has one real 
and two complex bosonic dimensions. This theory is a reduction of hCS theory on P^'^. As 
we will show below, there is a one-to-one correspondence between the moduli space of solu- 
tions to the equations of motion of phCS theory on J^^^^ and the moduli space of solutions 
to A/" = 4 supersymmetric Bogomolny equations on IR'^, quite similar to the correspondence 
which exists between hCS theory on the supertwistor space 

p3|4 and = 4 SDYM theory 

in four dimensions ^ ^ . 

4.1. Partially flat connections 

In this subsection, we restrict ourselves to the purely bosonic case since the extension of all 
definitions to super manifolds is straightforward. 

Integrable distribution T. Let X be a smooth manifold of real dimension d and T^X 
the complexified tangent bundle of X. A subbundle T C T(cX is integrable if i) T n T 
has constant rank k and ii) T and T CiT are closed under the Lie bracket. If T is such 
an integrable subbundle of T^X then X can be covered by open sets and on each open set 
U, there are coordinates , . . . ,u\v^ , . . . , , x^, . . . , x™, y^, . . . ,y"^ such that T is locally 
spanned by the vector fields 



d d d 



(4.1) 



where = — iy^ , . . . , = x™" — iy™ Note that a CR structure is the special case 
of an integrable subbundle T with A; = 0. 

For any smooth function f on X, let dq-f denote the restriction of df to T, i.e., dx is 
the composition 

c^{x) n\x) r(x,r*), (4.2) 

where n^{X) := T{X,T*X) and T* denotes the sheaf of (smooth) one-forms dual to T 
|22j . The operator dj- can be extended to act on relative g-forms from the space il.^(X) := 
T{X, AIT*), 

dr : 0^(X) ^ n'^j^\x) , for g > . (4.3) 



*To homogenize the notation later on, we shall also use W-f and d^± instead of W3 and d^± , respectively. 
^ Again, we use the same letter for the bundle T and a distribution generated by its sections. 
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Connection on T. Let £ he a smooth complex vector bundle over X. A covariant differ- 
ential (or connection) on £ along the distribution T - a T-connection - is a C-linear 
mapping 

Dt : r{X,£) r{X,T*(g)£) (4.4) 
satisfying the Leibniz formula 

Drifa) = fDra + drf^a , (4.5) 

where a G T{X, £) is a local section of £ and / is a local smooth function. This T-connection 
extends to a map 

Dr : J^^(X,^) ^ !^^+\x,^) , (4.6) 
where 0^(X,£') := r(X, A^T* ® £). Locally, Dr has the form 

Dr = dr + Ar , (4.7) 

where the standard End £--valued T-connection one-form Ar has components only along the 
distribution T. As usual, D?^ naturally induces 

Tr G r(X, A^T* ® End^) (4.8) 

which is the curvature of Ar- We say that Dr (or Ar) is flat, if J^r = 0. For a flat Z^rj the 
pair (£■, Dr) is called a T-flat vector bundle [221 • -'■'^ particular, if T is a CR structure then 
{£, Dr) is a CR vector bundle. Moreover, if T is the integrable bundle T^'^X of vectors of 
type (0, 1) then the T-flat complex vector bundle (f , Dr) is a holomorphic bundle. 



4.2. Field equations on the CR supertwistor space 

A distribution T on !F^^^. Consider the CR supertwistor space J-^^^ and a distribution 
T generated by the vector fields , W^, from the CR structure S> and W^. This 
distribution is integrable since all conditions described in section 4.1 are satisfied, e.g. the 
only nonzero commutator is 

[W^,W^] = ±2^lwt (4.9) 
and therefore T is closed under the Lie bracket. Also, 

y := TnT (4.10) 

is a real one-dimensional and hence integrable distribution. The vector fields are a 
basis for Y over the patches V± C J^^^^. Note that the mini-supertwistor space V'^^'^ is a 
subsupermanifold of J-^^^ transversal to the leaves of = TnT and furthermore, T\p2\4 = S! ■ 
Thus, we have an integrable distribution T = ^ © on the CR supertwistor space T^\^ and 
we will denote by 75, its bosonic part generated by the vector fields ^ and Wg^, 

% := span{W^,W^,W^} . (4.11) 
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Holomorphic integral form. Let f be a trivial rank n complex vector bundle over and 
At a T-connection one-form on £ with T = ^ (B ■ Consider now the subspace J^T of ^^'^ 
which is parametrized by the same bosonic coordinates but only the holomorphic fermionic 
coordinates of ^^1^, i.e. on all objects are holomorphic in r]^. As it was already noted in 
|14j . the A/" = 4 mini-supertwistor space is a Calabi-Yau super manifold. In particular, this 
ensures the existence of a holomorphic volume form on 7^^'^. Moreover, P^''^ C J-^^^ and the 
pull-back (7 of this form is globally defined on^^ T^^^. Locally, on the patches V± C ^^1^, 
one obtains 

= zbdu-^ A dw^dr/]^ • • • dr/^ . (4.12) 
This well-defined integral form allows us to integrate on J^T by pairing it with elements from 

Action functional for phCS theory. Let us assume that At contains no antiholomorphic 
fermionic components and does not depend on f]^, 

VI^At = and ViiAt) = with At := W^^At , (4.13) 
i.e. At G $7^^(.^, Endf"). Now, we introduce a CS-type action functional 

'S'phcs = / ^ /\ ti {At /\ dT At + ^At ^ At /\ At) , (4.14) 

where 

dxlfc =ds4a|| + d<;f-^ (4.15) 

is the T-part of the exterior derivative d on JF^I®. 

Field equations of phCS theory. The action (|4.14l) leads to the CS-type field equations 

(ItAt + At/\At = , (4.16) 

which are the equations of motion of phCS theory. In the nonholonomic basis {W^, t^} of 
the distribution T over V± C J-^^^, these equations read as 

W^Af -W^Af + [Af,Af] = 0, (4.17a) 
W^Af - Wi^At + [Af,Af] T 2jlAf = , (4.17b) 
W^Af -W^Af + [Af,Af] = 0, (4.17c) 

where the components A^ have been defined in 1)4. 13(1 . 

4.3. Equivalence to supersymmetric Bogomolny equations 
Dependence on X±, X±. Note that from p.34b|) . it follows that 

= A^l^f , 11^2^ = -l^^W^ and -f+^W^ = A+A+ {jZ^W^) (4.18) 

Recall that the integrable distribution and its dual are related to the holomorphic tangent and cotangent 
bundles of V^^*. 
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and therefore Af, Af and ^g^Af take values in the bundles 0{2), 0{-2) and 0(1) 
respectively. Together with the definitions (|4.13|) of A^ and H3.34() of as well as the fact 
that the r]f^ are nilpotent and 0(l)-valued, this determines the dependence of A^ on -q^, X± 
and X± to be 

Af = -XiB^ and Af = 27±A^S± (4.19) 



with the abbreviation 



(4.20a) 



and 

■^t = ± {hhtrif^'^ + h±vtvfvr>^ixt + hivrvtvUmxlG"^) > (4.20b) 

where A^, j± and have been given in 1)2. 22() and ()3.35() . The expansions (|4.20l) are defined 
up to gauge transformations generated by group-valued functions which may depend on A-t 
and A±. In particular, it is assumed in this twistor correspondence that for solutions to 
()4.17p . there exists a gauge in which terms of zeroth and first order in rjf are absent in 
Af. In the Cech approach, this corresponds to the holomorphic triviality of the bundle £ 
defined by such solutions when restricted to projective lines. Put differently, we consider a 
subset in the set of all solutions of phCS theory on ^^1^, and we will always mean this subset 
when speaking of solutions to phCS theory. From the properties of Af and rjf, it follows 
that the fields with an odd number of spinor indices are fermionic (odd) while those with an 
even number of spinor indices are bosonic (even). Moreover, due to the symmetry of the A^ 
products and the antisymmetry of the rjf products, all component fields are automatically 
symmetric in (some of) their spinor indices and antisymmetric in their Latin (R-symmetry) 
indices. 

Supersymmetric Bogomolny equations. Note that in (|4.2()j) . all fields . . . de- 

pend only on the coordinates (y°^) G E,^. Substituting (|4.20p into (|4.17a(l and ()4.17b|l . we 
obtain the equations 

^ijki _ _i ( r'*J''=' _i_ r R rijkh\ 

showing that d)'-' y*''^ . and i are composite fields, which do not describe independent 
degrees of freedom. Furthermore, the field B^^ can be decomposed into its symmetric part, 
denoted by A^0 = A^^^y and its antisymmetric part, proportional to such that 

Bap = - ■ (4-22) 

Hence, we have recovered the covariant derivative D^^ = <9^^^^ + A^^ and the (scalar) Higgs 
field $. Defining 

Xia ■■= h^ijkix'^^ and := ^e.jkiG'l^^ , (4.23) 
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we have thus obtained the supermultiplet in three dimensions consisting of the fields 



A^p,x'a,^,<t>'^,X^c.,G.f,. (4.24) 

The equations H4.17() together with the field expansions (|4.2U|) , the constraints H4.21() and the 
definitions (|4.22|) and (|4.23j) yield the following supersymmetric extension of the Bogomolny 
equations: 

A^^^ = W^, n + xj} , (4.25) 

which can also be derived from the equations H2.46() by demanding that all the fields in 
(|2.46j) are independent of the coordinate x^. In (|4.25j) . we have used the fact that we have a 
decomposition of the field strength in three dimensions according to 

-^a/37<5 ^ [-^d/3'-^75] ^/35-^"7 + ^"7//35 (4-26) 

with = fp^. We have also introduced the abbreviation A := ^e"^^e'^^ Da^D^^. 
Action functional in component fields. Note that H4.12() can be rewritten as 

= ±G^Ae^d??f •■■d7/± , (4.27) 

where the one- forms 0^!^ have been given in (|3.36|) . Substituting this expression and the 
expansions (|4.2Up into the action 1)4. 14(1 . we arrive after a straightforward calculation at the 
action 

which yields the supersymmetric Bogomolny (sB) equations 1)4. 25(1 . In this expression, we 
have again used the shorthand notation := ■^Eijki'p'^^ ■ 



4.4. Partially holomorphic CS theory in the Cech description 

Equivalent T-fiat bundle. Our starting point in section 4.2 was to consider a trivial 
complex vector bundle £ over T^^^ endowed with a T-connection. Such a T-connection 

Dt = dx + At on £ is flat if Ar solves the equations 1)4. 16() . and then (£", /_| = 1„, Dq-) 

is a T-fiat bundle in the Dolbeault description. After one turns to the Cech description of 
T-flat bundles, the connection one-form At disappears and all the information is hidden in a 
transition function. To achieve this, let us restrict a solution At of the equations (|4.16jl to the 
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patches V+ and V__ covering ^^1®. Since Ar is flat, it is given as a pure gauge configuration 
on each patch and we have 

Ar\y^ = i^±dr^Z^ , (4.29) 

where the ij:± are smooth GL(n, C)-valued superfunctions on V± such that V^tp± = (the 
existence of such a gauge was assumed in the formulation of phCS theory). Due to the 
triviahty of the bundle f , we have 

ip+drtp^^ = ip-drtpZ^ (4.30) 

on the intersection V+ H V- . From (|4.3fl)) , one easily obtains 

dr(V;V-) = , (4.31) 

and we can define a T-flat complex vector bundle £ J-^^^ with the canonical fiat T- 
connection d^- and the transition function 

/+_ := V'TV- • (4.32) 

The bundles £ and £ are equivalent as smooth bundles but not as T-fiat bundles. However, 
we have an equivalence of the following data: 

(^,/+_= l„,^r) ~ {£J~+-,At = 0) . (4.33) 

Equivalent flat T-connection. To improve our understanding of the T-fiatness of the 
bundle £ ^^1® with the transition function ()4.32|1 . we rewrite the conditions (|4.31|1 as 
follows: 

W+U_ = , W^U_ = , ViU_ = , (4.34a) 
W+U- = . (4.34b) 

Recall that T = and the vector fields appearing in ()4.34a|) generate the antiholomorphic 

distribution which is a CR structure. In other words, the bundle £ is holomorphic along 
the mini-supertwistor space P^'^ C J-^^^ and fiat along the fibres of the projection tt2 : J-^^^ 
■p^l^ as follows from ()4.34b|) . Let us now additionally assume that £ is holomorphically 
trivial^^ when restricted to any projective line CP^,^^^^'® given by (|3.19|) . This extra 
assumption guarantees the existence of a gauge in which the component of At vanishes. 
Hence, there exist GL(n, C)-valued functions ^± such that 



/+_ = V+V- = with W^7p± = (4.35) 

and 

g := = V'-V^l' (4.36) 
is a matrix-valued function generating a gauge transformation 

V'i ^ V-i = 5~V± , (4.37) 
^'^This assumption, which was aheady used in 14.20bll . is crucial in the twistor approach. 
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which acts on the gauge potential according to 

Af ^ Af = g-Ufg + g-^Wtg = i^±Wti'Z^ , 

Af ^ Af = g-'Afg + g~'W^g = ^±W^^^^ -- 

At ^ At = g-^Atg + g-^W^g = ^±wi^^^ , 

= := V'inV'i' ^ A = g-'vig = i>±Vli>z' . 



(4.38) 



In this new gauge, one generically has A^^ ^ 0. 

Linear systems. Note that H4.29() can be rewritten as the following linear system of differ- 
ential equations: 

(Wt + At)ip± = , ^ ^ 

! 4.39 

FiV± = . 

The compatibility conditions of this linear system are the equations (|4.17j) . This means that 
for any solution At to H4.17() . one can construct solutions Tp± to ()4.39|) and, conversely, for 

any given 'ip± obtained via a splitting (|4.32p of a transition function , one can construct 

a solution to (|1T7|) . 

Similarly, the equations 1)4. 38(1 can be rewritten as the gauge equivalent linear system 

{W^ + Af)4j± = , (4.40a) 

W^ijj± = , (4.40b) 

(W^3± + At)i'± = , (4.40c) 

{Vi + A)'>P± = • (4.40d) 

Note that due to the holomorphicity of iil)± in X± and the condition A^- = A^ on V+ n V_ , 
the components At, "f^^At and Aj. must take the form 

if = -XixiB.^ , jg'At = 2XixiB.^ and A = , (4-41) 

with A-independent superfields B^^j := A^^ — and A^^. Defining the first-order dif- 

+ ^.^and Di = -^ 
following compatibility conditions of the linear system ()4.40|) : 



ferential operators V^^ := d^^^-^ + B^^ and = + A^^ =: 9^ -|- we arrive at the 



[V.^, V^^] + [V . ^, . ] = , [Dl, . ] + [D\, . ] = , 



(4.42) 



{Dl,Dp + {Dl,Di} = 0. 

These equations also follow from (|4.16p after substituting the expansions ()4.41|) . 
Superfield equations. The equations (|4.42p can equivalently be rewritten as 

=: e.^j:^^, [Z)^,V^.] =: ie^i^S^ and {Dl^,Dj^ =: e^^^ , (4.43) 

where = and S*-' = —T,^^. Note that the first equation in (|4.42|) immediately shows 

that = — and thus the contraction of the first equation of ()4.43|) with e^^ gives 

^a/j ~ /a/3 ~ i^af}^ ~ ^-^a/?' '^^^ graded Bianchi identities for the differential operators V^^ 
and yield in a straightforward manner further field equations, which allow us to identify 
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the superfields and S*-' with the spinors Xdi scalars respectively. Moreover, 

Xia is given by Xia ■= \eijkiD^a^^'- and G^^ is defined by G^^ := - jD'j^a^.^)- Collecting the 
above information, one obtains the superfield equations for A^^^, x\-, Xia and G^^ 

which take the same form as ()4.25() but with all the fields now being superfields.^^ Thus, the 
projection of the superfields onto the zeroth order components of their //-expansions gives 

Recursion relations. To extract the physical field content from the superfields, we need 
their explicit expansions in powers of rjf. For this, we follow the literature and impose 
the transversal gauge condition 

riA = , (4.44) 
which allows us to define the recursion operator 

V := r^fDi = rid^ with := ^ . (4.45) 

Note that this gauge removes the superfluous gauge degrees of freedom associated with the 
fermionic coordinates. The constraint equations 1)4. 43(1 together with the graded Bianchi 
identities yield the following recursion relations: 

= -V[iXj]a , 

= "nlm^cXx^fiy^"^] ■ 

These equations define order by order all the superfield expansions. 

The explicit derivation of the expansions of the fields jB^^ and JC"^ is performed in appendix 
A. Here, we just quote the result which we will need later on: 

n . —n ._i<r. v-^i _L 1^ . r,^iri^2v7.. °ijxh . „7i„72 73 iu^is^vv . . °r, _ 

'^afi — ■"a/3 ^^/37i ^ 1\ ^ jS-yi ^ji ^32 ^ "72 V 2-3! ^ I3^i ^ji ^32 "is ^ ^ °72 Xfc73 

_ J-p . „7i„72„73 74 iii2i3i4V7 . . h- ■ -I- . . . (AA7a\ 
4! ^/37i ^ji ^32 ^33 ^3 A ^ ^ "72 ^7374 T 1^4.4 / aj 



A\ — Ip-- T,7i^«ii _ J.p. . 71 72 iiii2fc~ i_3_p.. „7i„72 73 iiii2i3/7. . J a 47b "I 

The equations 1)4. 43(1 are satisfied for these expansions, if the super symmetric Bogomolny 
equations (|4.25^) hold for the physical fields^^ appearing in the above expansions and vice 
versa. 

^®In the following, the zeroth order component in the 77-expansion of a superfield (its body) is denoted by 
a "o". 

o o 

■ ' fields G^0, etc. are the same as the field G^p, $, etc. in equations (14.2511 . but in the present section, 
we need to clearly distinguish between superfields and their bodies. 
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Bijection between moduli spaces. Summarizing the discussion of this section, we have 
described a bijection between the moduh space TWphcs of solutions^^ to the field equations 
(|4.17|1 of phCS theory and the moduh space A^sB of solutions to the supersymmetric Bogo- 
molny equations ()4.25|1 . 

A^phcs < — ' MsB ■ (4.48) 

The moduli spaces are obtained from the respective solution spaces by taking the quotient 
with respect to the action of the corresponding groups of gauge transformations. We also 
have shown that there is a one-to-one correspondence between gauge equivalence classes 
of solutions At to the phCS field equations 1)4. 16(1 and equivalence classes of topologically 
trivial T-flat vector bundles £ over the CR supertwistor space J^^^^. In other words, we have 
demonstrated an equivalence of the Dolbeault and the Cech descriptions of the moduli space 
of T-flat bundles. 

5. Holomorphic BF theory on the mini-supertwistor space 

In the preceding section, we have defined a theory on the CR supertwistor space !F^^^ entering 
into the double fibration (|,''{.2()|) which we called partially holomorphic Chern-Simons theory. 
We have shown that this theory is equivalent to a supersymmetric Bogomolny-type Yang- 
Mills-Higgs theory in three Euclidean dimensions. The purpose of this section is to show, 
that one can also introduce a theory (including an action functional) on the mini-supertwistor 
space P^l^, which is equivalent to phCS theory on J^^'^. Thus, one can define at each level of 
the double fibration (|3.20j) a theory accompanied by a proper action functional and, moreover, 
these three theories are all equivalent. 

5.1. Field equations of hBF theory on 

Consider the mini-supertwistor space P^'^. Let E he a trivial rank n complex vector bun- 
dle over "P^l^ with a connection one-form A. Assume that its (0, 1) part A^'^ contains no 
antiholomorphic fermionic components and does not depend on 77^, i.e. V^-j^"'^ = and 
V^{d^i,2jA^'^) = 0. Recall that on P^l^, we have a holomorphic volume form 17 which is 
locally given by 1)3. 15() . Hence, we can define a holomorphic BF (hBF) type theory (cf. 
dZHlHlIini) on p2|4 ^i^i^ ^i^g action 

5hBF = / nAtv{B{dA°'^+A°'^ AA°'^)} = [ S7 A tr{5^°'2} , (5.1) 
J9 J9 

where B is a scalar field in the adjoint representation of the group GL(n, C), d is the anti- 
holomorphic part of the exterior derivative on P^'^ and J-^'"^ the (0, 2) part of the curvature 
two-form. The space ?V is the subsuper manifold of P^'^ constrained by fjf^ = 0. In fact, 
?V is the worldvolume of a stack of n not quite space-filling D3-branes, as discussed in the 
introduction. 

^"Recall that we always consider only a subset of the full solution space as discussed in section 4.3. 
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The equations of motion following from the action functional H5.1|l are 

BA'^'^ + A°'^ A = , (5.2a) 
dB + [A^'\B] = . (5.2b) 

These equations as well as the Lagrangian in 1)5. 1|) can be obtained from the equations ()4.16|1 
and the Lagrangian in (|4.14|) . respectively, by imposing the condition dyr,3 Au,^ = and 
identifying 

A^'^ly^ = dw]^Aisi + dw'^A^2^ ^^'^ ^'v± = -^^1 ■ (^-3) 

Note that A^s behaves on P^'^ as a scalar. Thus, (|5.2|) can be obtained from (|4.16|) by 
demanding invariance of all fields under the action of the group 1^' from section 3.4 such that 

5.2. Cech description 

When restricted to the patches V±, the equations (|5.2|) can be solved by 

^°''lv± = ^i^V^i' and = i>±B^4^g' , (5.4) 

where B^ is a holomorphic gl{n, C)-valued function on V±, 

BB^ = . (5.5) 

On the intersection V+ n V_ , we have the gluing conditions 

ip+Bip+^ = i)_d^Z^ and = ^^BqtJjZ^ (5.6) 

as -E is a trivial bundle. From ()5.6p . we learn that 

/+_ := ^^^^ (5.7) 

can be identified with the holomorphic transition function of a bundle E with the canonical 
holomorphic structure 5, and 

B^ = h-B^n- (5.8) 

is a global holomorphic section of the bundle End-E, i.e. Bq G //"^(P^'^, End -B) and B G 
H'^('P^\^,EndE). Note that the pull-back tt^E of the bundle E to the space J"^!^ can be 
identified with the bundle £, 

£ = ir^E , (5.9) 

with the transition function /-| = V+^V'- = '4>^^'4>-- Recall that the transition functions 

of the bundle £ do not depend on and therefore they can always be considered as the 
pull-backs of transition functions of a bundle E over V"^^^. 
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5.3. Moduli space 

By construction, B = {B^} is a gl(n, C)-valued function generating trivial infinitesimal gauge 
transformations of A^'^ and therefore it does not contain any physical degrees of freedom. 
Remember that solutions to the equations (|5.2aj) are defined up to gauge transformations 

_40,i ^ ^0,1 ^ gA'^'^g-^ +gdg~^ (5.10) 

generated by smooth GL(re, C)-valued functions g on "P^l"^. The transformations 1)5. 10() do 
not change the holomorphic structure dj[ on the bundle E and the two (0, l)-connections in 
()5.10|) are considered as equivalent. On infinitesimal level, the transformations 1)5. 10(1 take 
the form 

6A^'^ = dB + [A^'\B] (5.11) 

with B € H^{V'^^^,FindE) and such a field B solving H5.2b|l generates holomorphic transfor- 
mations such that 6A^'^ = 0. Their finite version is 

^0,1 ^ gA^'^g-^ +gdg-^ = (5.12) 

and for a gauge potential A^'^ given by 1)5. 4(1 . such a g takes the form 

g± = i^±e^° with g+ = g^ on V+ n V_ . (5.13) 

Thus, the hBF theory given by the action (|5.1|1 and the field equations (|5.2|) describes 
holomorphic structures on the bundle E P^'^ and its moduli space M^bf is bijective 
to the moduli space of holomorphic bundles E defined by the transition functions (|5.7|) . 
Furthermore, this moduli space is bijective to the moduli space A^phcs of T-fiat bundles £ 
over the CR supertwistor space J^^^^. Summarizing our above discussion, we have established 
the diagram 

phCS theory on J"^'^ 

\ (5.14) 
supersymmetric 
hBF theory on "P^'^ ^ Bogomolny model on 

describing equivalent theories defined on different spaces. Here it is again implied that 
the appropriate subsets of the solution spaces to phCS and hBF theories are considered as 
discussed in section 4.3 and above. 

6. Supersymmetric Bogomolny equations with massive fields 

In an interesting recent paper jjl] , a twistor string theory corresponding to a certain massive 
super Yang- Mills theory in three dimensions was developed. It was argued, that the mass 
terms in this theory arise from coupling the R-symmetry current to a constant background 
field when performing the dimensional reduction. In this section, we want to study the 
analogous construction for the supersymmetric Bogomolny model which we discussed in 
the previous sections. We focus on the geometric origin of the additional mass terms by 
discussing the associated twistor description. More explicitly, we establish a correspondence 
between holomorphic bundles over the deformed mini-supertwistor space introduced in jl4j 
and solutions to massive supersymmetric Bogomolny equations in three dimensions. 
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6.1. Mini-supertwistor and CR supertwistor spaces as vector bundles 

P^l^ as a supervector bundle. We start from the observation that the mini-supertwistor 
space "P^l^ can be considered as the total space of a rank 0|4 holomorphic supervector bundle^^ 
over the mini-twistor space V"^, i.e. a holomorphic vector bundle with GraBmann odd fibres. 
More explicitly, we have 

p2|4 ^ o(2)eno(i)0C^ (6.1) 

together with a holomorphic projection 

Recall that the mini-twistor space is covered by two patches V± with coordinates w\. 
and Wj^ = X±. The additional fibre coordinates in the supervector bundle P^'^ over V"^ 
are the Graf5mann variables r]f . For later convenience, we rearrange them into the vector 
rj^ = {vjf) € C'^l'^. On V+ n V-, we have the relation 

77+ = (6.3) 

with the transition function 

<^+_ = wl{5i^) = wll^. (6.4) 

!F^^^ as a supervector bundle. The CR supertwistor space J-^^^ is a CR supervector 
bundle^^ over the CR twistor space JT^ = x S^, 

.F^l^ ^ , (6.5) 

with complex coordinates "qf on the fibres C'''^ over the patches V^^ covering . Recall that 
we have the double fibration 

\v\ (6.6) 

in the purely bosonic case and the transition function of the supervector bundle (|6.5|1 can be 
identified with 

= A+(V) = A+I4 , (6.7) 

i.e., we have the same transformation 1)6. 3(1 relating^^ if^ to on fl V_. 

Combined double fibrations. Finally, note that C*^'^ = R*^'^ and the superspace R^'^ = 
]R3 X ]r0|8 ^ ]R3 X (C0|4 can be considered as a trivial supervector bundle over 

1R3 with the 

canonical projection 

]R,3|8 ^ ^ _ (^g_g^ 



^^A complex (real) supervector bundle of rank p\q is a vector bundle, whose typical fibre is the superspace 
C'' (IR''''). We also refer to such a supervector bundle simply as a vector bundle of rank p\q. 

^^i.e., it has a transition function annihilated by the vector fields d,^,\ , 8,^.2 from the distribution ^ on JT^ 

' ^ Lu _|_ ' uJ I 

^^Note that our notation often does not distinguish between objects on and their pull-backs to . 
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Thus, we arrive at the diagram 



vr2 



TTi 



p2|4 



V2 X \ 



3 8 



(6.9) 



P2 r3 

combining the double fibrations H3.2U|) and (|6.6|) . 



6.2. Deformed mini-supertwistor and CR supertwistor spaces 

2|4 

as a super vector bundle. Let us define a holomorphic supervector bundle 

^ P2 (6.10) 

with complex coordinates r]^ = {fjf) € C"'^ on the fibres over V± C "P^ which are related 
by the transition function 



(^+_ = wle'^+ (6.11) 



on the intersection V_i_ n V_, i.e. 



7?+ = (^+_r7- . (6.12) 

For reasons which will become more transparent in the later discussion, we demand that M 
is traceless and hermitean. The matrix M will eventually be the mass matrix of the fermions 
in three dimensions. 

This supermanifold V^^j was introduced in as the target space of twistor string 
theories^^ which correspond, as proposed in this paper, to a super symmetric Yang-Mills 
theory in three dimensions with massive spinors and both massive and massless scalar fields 
for hermitean matrices M. In the following, we provide a twistorial derivation of analogous 
mass terms in our super symmetric Bogomolny model and explain their geometric origin. 

5 1 8 

Tj^j as a supervector bundle. Consider the rank 0|4 holomorphic supervector bundle 



()6.1U|) and its pull-back 



-5 8 



to the space T'-' from the double fibration 1)6. 6|) . Note that the supervector bundle —r 
is smoothly equivalent to the supervector bundle T^^^ — > T'° since in the coordinates 

(y"^, A±, A-t) = (y, y, ic'^, A±, A±) on ^ the pulled-back transition function v^^^ can be 

split 

V2f+- = A+e^+^ " " = ip+{\+li)tp_ ~ A+I4 . (6.14) 

Here, 



^^For this, has to be a Calabi-Yau supermanifold, which is the reason underlying the above restriction 
to tr M = 0, as we will discuss. 
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are matrix- valued functions well-defined on the patches V'^ and V'_, respectively. Remember 
that fif and fi~ are related by ()6.f 2|) and their pull-backs to J-^ (which we denote again by 
the same letter) are related by the transition function (|6.14j) . Therefore, we have 

(V?;ir/+) = X+{ipZ^r) (6.16) 

Prom this, we conclude that 

fl+ = ^+r/+ = e^ty^^^^^rj+ and r/" = ip^T]' = e-^^^"'*^' , (6.17) 

where 77^ = (r/^) are the fibre coordinates of the bundle H6.5|l related by (|6.3() on the inter- 
section V+ n Vi. 

The fibration J^f:^ in the Dolbeault picture. It follows from (|6.17j) that 

W^r]^ = 0, W^^f = and W^fi^ + Mi^fif = 0. (6.18) 

Recall that the vector fields generate an integrable (bosonic) distribution TJ, = 

spanlW"^} together with the operator 

which annihilates the transition function (|6.14|) of the bundle H6.13|l . Due to formulae (|6.14|) 
and (|6.18l) . the supervector bundle T^^^ with canonical T^-flat connection drj, is diffeomorphic 
to the supervector bundle T^^^ with the 7f,-flat connection dT-^^ + Ar,^ the components = 
W^jA% of which are given by 

= , Af = and Af = M . (6.20) 

In other words, we have an equivalence of the following data: 

irf,^+-,drj ~ (^^l«,(^+-=A+l4,dr,+irJ . (6.21) 

By construction, the connection one-form At,,, given explicitly in (|6.2())) . is a solution to 
the field equations 

dT.Ar, + At, A At, = (6.22) 

of phCS theory on T^, which are equivalent via the arguments of section 4.3 to the Bogo- 
molny equations on IR^. Due to this correspondence, H6.2U() is equivalent to a solution of 
the Bogomolny equations with vanishing Yang-Mills gauge potential a^^ and constant Higgs 
field 

= (0,^) = -i{Mi) , (6.23) 

which takes values in the Lie algebra su(4) of the R-symmetry group SU(4). Thus, the data 
(|6.21|) are equivalent to the trivial supervector bundle (|6.8|) together with the differential 
operators 

"^ap = ^M) - h^a^M (6.24) 

encoding the information about the matrix M, i.e. 

(^lf,^+.,drj ~ (^5|8,v^+_,dr, + irJ ~ (I^'", = - ^e^^M) . (6.25) 
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Note that the gauge potential A^^ corresponding to^^ Aj. € u(n) in a different basis and 
the Higgs fields ^ E u(n) considered in section 4 can be combined with a^^ and (p into the 
fields 

A^lj (g) I4 + In «) and $ (g) I4 + In «) (6.26) 

acting on the tensor product Vu(n) <g ^su(4) of the (adjoint) representation space Vu(n) of the 
gauge group and the representation space Vgu{4) of the R-symmetry group. 

The fibration "P^j^ in the Dolbeault picture. For completeness, we note that 

the deformed complex supervector bundle — > with the transition function ip^ from 

(|6.1H1 and the holomorphic structure 

d,W, = d^i^ + du)|^ (6.27) 

is smoothly equivalent to the bundle P^'^ V'^ with the transition function Lp^ from 1)6. 4|) 

and the holomorphic structure defined by the fields jP'^ and B with the components'^ 

A^i = , A^2 = ^-—^^^±-—M and B± = A^, = M . (6.28) 

± ± (1 + Wj^Wj^)'^ ± 

The fields AP'^ and B obviously satisfy the field equations 

+ A = and dbB + [A^^^,]3] = (6.29) 

of liBF theory on V^. By repeating the discussion of section 5, one can show the equivalence 
of the data 

(7'll',(^+_,4) ~ (p2|4,^^_=A+l4,4 + i°'l) ~ (.F^f,(^+_,dTj , (6.30) 

which extends the equivalences described in (|6.25)) . 

6.3. The deformed CR supertvi^istor space as a supermanifold 

5 1 8 

For developing a twistor correspondence involving the deformed CR supertwistor space J-^,j , 

5 1 8 

the description of J-j^j as a rank 0j4 complex supervector bundle with a constant gauge 
potential (|6.2U|) which twists the direct product of even and odd spaces is not sufficient. 

5 1 8 

We rather have to interpret the total space of J-j^j as a supermanifold with deformed CR 
structure and deformed distribution Tm- 

Vector fields on J'^j^ • Remember that a covariant derivative along a vector field on the 
base space of a bundle can be lifted to a vector field on the total space of the bundle. In our 
case of the bundle (|6.13p . the lift of H6.18|l reads as 

W^flf = {), W:tt = ^ and (^^ + Mk^f}f-^f,f = Q . (6.31) 

^^Here, Ar with r = 1, 2, 3 are the components of the ordinary gauge potential in three dimensions. 
These components can be derived from formula Hfci.3611 given below. 
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To see the explicit form of the vector fields corresponding to the integrable distribution 

Tm = span (-1^,-^1 (6.32) 



on J'^^f , it is convenient to switch to the coordinates A-t, Aj-, r/f ) by the formulae 

wl = A±A|y°^ , wl = \^ and wl = -^^Af A±y"^ , (6.33a) 



(e^tv-'My^^Py^-, and r?" = {^^'"''') ^ ■ (6.33b) 



By a straightforward calculation, we obtain 



e^wf + elwi^ + (Qi t 7±A^A|/^e^)W3± + , 



(6.34) 



where 



Wf := WtTX±{TMT)^X^7]fVl , := 1^2^, 

£t ■■= Ef + 7+A^ A+r^f (rMr),Myi<^ , ^^'^^^ 
:= ^r+^_ATA.r,f(TMT),-'dy2« 

and Ty±,y^,V;^ and were given in and {AB)ii := Ai^Bk^. In fact, 

the formulae (|6.33)) and their inverses define a diffeomorphism between the sup ermanif olds 
JT^I^ = (]R,3|8 X 52, Tm) and J^^l*^ = (IR^ls x 5^, T) which have different integrable distributions 
Tm and T (and different CR structures). 

2|4 

Vector fields on Vj^.^ . In the above discussion, we used a transformation from the coor- 
dinates fj^ to the coordinates r/- on , which are (pulled-back) sections of 110(1). The 
corresponding splitting of the transition function was given in (|6.14)) - (|6.16|) . One can find 
a similar splitting of the transition function 1)6. 11(1 also on the complex supermanifold v"^^^ 
and obtain new coordinates f/^, which are sections of 110(1), as well. Explicitly, we have 

w\ ( 1 \ w\ vP'. w\ up' w'^ 

-4-M 1 \-^\-ii-M ^v- — +n ■> . M — +■) M — ~.> ~, M 



T T- —7- IVl —7— Ty- IVl IVl !T ry IVl 

+ +^+ e+ ++ =e + + e -- , (6.36) 
which yields the formulae 

'uP'^ up. vP 
+., M , - ; M 

-+ ^ ^+ and 77- = e '+"'-^- fi' . (6.37) 

Prom this and 1)6. 12(1 . it follows that 

fjf = wlfj- (6.38) 

and these coordinates have the desired property. Furthermore, in the (0, 1) part of the 
differential 

(6.39) 



35 



-^12 12 

where we introduced w.^ = for clarity, we see explicitly the deformation of the complex 
structure from T-*^'^ to V'f^. Note that the coordinates fjf can be pulled-back to J^^^ and 
are there related to the coordinates rj^ by 

fj± ^ e-'"±^r?± . (6.40) 
6.4. Mass-deformed Bogomolny equations from phCS theory on T^^^ 

2|4 

Holomorphic integral forms. The deformed mini-supertwistor space Vj^^ fits into a dou- 



ble fibration 

M 



(6.41) 



similarly to the undeformed case M = 0. Recall that we had a holomorphic integral form on 
P^l^ locally defined by 

Vl\<^^ = ±dw^ A dwldr]f ■ ■ ■ dr]f . (6.42) 
One can extend to a nonvanishing holomorphic volume form 

= idu-^ A dw^d^f • • • dr/^ (6.43) 

on if and only if trM = jl4j . This is the reason, why we imposed this condition 
from the very beginning. Similarly to the discussion of phCS theory on ^^1*^ in section 4, we 
consider a submanifold J^m C which is defined by the constraints fjf = 0. Clearly, the 
latter equations are equivalent to 77^ = and therefore is diffeomorphic to Note 
that the pull-back of the holomorphic integral form (|6.43j) to J-^^ coincides with 112^, 

0*^1^^ := 7r^rj^%^ = ±9^ A e|d?7^ • • • d??^ = ±8^ A e|dr?^ • • • d?]^ (6.44) 

which is due to (|6.17j) and the tracelessness of M. 

Action functional. From here on, we proceed as in section 4 and consider a trivial rank 

5 1 8 

n complex vector bundle over the CR supertwistor space J^jy'j with a connection Atm along 
the integrable distribution Tm defined in (|6.32j) and (|6.34|1 . By assuming that V^jAtm — 
and V].{W^jAtm) ~ we may define the action functional 

Spikes = [ A tr {Atm a dTM^TM + lAr,, A At,, a At,,) (6.45) 

of deformed phCS theory. The equations of motion keep the form ()4.16|) up to relabelling T 
by Tm and in components A^ ■= W^jAtm: we have 



WtAt 


-WtAt + [Af,At] 


= , 


W^Af - W^Af 


+ [Af,Af]T2jlAf 


r) 

- ^hri. Q^±A2 


WtAf 


-WtAf + [Af,Af] 


r) 

— M-'^'n^ 



(6.46) 
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where the vector fields (|6.35jl have already been substituted. The dependence of the compo- 
nents on X± , A± and rjf^ is of the same form as the one for given in 1)4. 2U() but with 
coefficient functions obeying M-deformed equations. In the following, we will not put tildes 
over the coefficient functions for simplicity. 

Mass-deformed super Bogomolny equations. Substituting the expansions of the form 
(|071) for At and our vector fields into ()6.46|1 , we obtain mass-deformed supersymmetric 
Bogomolny equations 



(6.47) 



m [(Pkl,' 



dm] 



where we have again abbreviated (pij := ^£ijki4>'^^ and V^^ = d^^^-^ + B^^ = D^^ - ^e^^^- 

The equations (|6.46|) show that, as in the undeformed case (|4.17|) . some of the fields 
appearing in the expansions of A^ are not independent degrees of freedom but composite 
fields: 

- -m^P)^^ + i^cip^ ] + , (6.48) 



^ijki _ I/O r^i^^ i\u r^j^h i\/r [ini^^- 



Finally, substituting our superfield expansions for A^ into the action (|6.45p and integrat- 
ing over the odd coordinates and over the Riemann sphere, we end up with 

= S,B-kJ d'y tr [ie'^^XiaM/x^. - cPijMk'Mi^^ c^"^' + icI>Mfc^[0,„ cj)^'']] , (6.49) 

where 5sb = is the action functional for the massless supersymmetric Bogomolny 

equations as given in ()4.28p . 

To sum up, we have described a one-to-one correspondence between gauge equivalence 
classes of solutions to the supersymmetric Bogomolny equations with massive fermions and 

5 1 8 

scalar fields and equivalence classes of T/v/-flat bundles over the CR supertwistor space J^^Jj 

1 5 18 

which are holomorphically trivial on each CP^ ^^^J-"^} . We have also described a one-to- 
one correspondence between the equivalence classes of T^-flat complex vector bundles over 

5 18 2 1 4 

J-]^ and of holomorphic vector bundles over the deformed mini-supertwistor space Vj^j . The 
assumption that these bundles become holomorphically trivial on projective lines translates in 
the Dolbeault description into a one-to-one correspondence between gauge equivalence classes 
of solutions to the field equations of i) hBF theory on the deformed mini-supertwistor space 
V'^, ii) phCS theory on the CR supertwistor space and in) massive supersymmetric 
Bogomolny model on IR^. 
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7. Examples of solutions to the super Bogomolny equations 



In the preceding sections, we have presented in detail the relations between the supersym- 
metric Bogomolny equations on the Euclidean space and the field equations of phCS 
theory on the CR supertwistor space ^^1^ as well as hBF theory on the mini-supertwistor 
space "P^l^. We have shown that the moduli spaces of solutions to the field equations of these 
three theories are bijective. Furthermore, we introduced mass-deformed versions of these 
field theories. In this section, we want to show how the twistor correspondences described in 
the previous sections can be used for constructing explicit solutions to the supersymmetric 
Bogomolny equations. In fact, any solution to the standard Bogomolny equations given as a 
pair {A^^, of a gauge potential and a Higgs field can be extended to a solution including 
the remaining fields of the super symmetrically extended Bogomolny equations in a nontrivial 
fashion. Here, we are not considering this task in full generality but just want to give some 
examples. For simplicity, we restrict ourselves to the case when only the fields A^^, ^ and 
G^p are non-zero. In this case, the supersymmetric Bogomolny equations (|4.25j) simplify to 

-^e^' (^d^^^)A^^-d^^^^A^^ + [A^^,A^^]) = -i (5(.^^$ + [^.^,<l.]) , (7.1a) 

^^'{d{a^)G0s + [Aai^G^^]) = -^[G.^,^]. (7.1b) 

First, we discuss Abelian solutions to these equations, which correspond to Dirac monopole- 
antimonopole systems. After this, we present two algorithms which generate non-Abelian 
solutions. 

7.1. Abelian solutions 

Field equations. In the Abelian case, 1)7. 1|) simplifies further to 



(7.2) 



It is convenient to rewrite these equations in terms of the real coordinates on with 
r = 1, 2, 3 as 

^ErstidsAt - dtAs) = a,^> , (7.3a) 

drGr = , (7.3b) 

ErstdsGt = . (7.3c) 



From (|7.3b|l . it follows that 



and from 1)7. 3c|) . we obtain 



Gr = \erst{dsAt-dtA,) , (7.4) 



Gr = -dr^ , (7.5) 

where the sign in (|7.5I) was chosen to match the fact that in four dimensions, Gr corresponds 
to an anti-self-dual two-form with components G^i, = ff^^Gr and helicity —1, where t/J^^, are 
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the 't Hooft tensors. Here, A^. and ^> are a vector and a scalar, respectively. Therefore, the 
equations H7.3() can be rewritten as 



^ErstidsAt - dtAs) = dr^ , (7.6a) 

^ErstidsAt - dtAs) = -dr^ . (7.6b) 

It is well known that the equations ()7.6a|l describe Dirac monopoles while (|7.6b|) describe 
Dirac antimonopoles (see e.g. |33j and references therein). Thus, the action (|4.28|) with 
only the fields /^^, $ and being non-zero can be considered as a proper action for the 
description of monopole-antimonopole systems. 

Abelian monopole-antimonopole configurations. Let us consider a configuration of mi 
Dirac monopoles and m2 antimonopoles located at points = {aj,af,af) with i = 1, . . . , mi 
and i = mi + l, . . . , mi+m2, respectively. Moreover, we assume for simplicity that a^^ ^ aj'^ 
for i ^ j. Such a configuration is then described by the fields 

mi mi mi 



2r,- 

j=i j=i j=i J 

mi+m2 mi+m2 mi+m2 

j=mi+l j=mi+l j=mi+l 

where A^^^ = A^^ dx'^ and A^^^ = A^^dx"" with 

1 2rj(rj+x3) ' 2 2rj(rj + a;3) ' ^ 

1 2r,(r,-x3)' 2 2r,(r,-x3)' ^ 



mi +m2 



mi+m2 



(7.7) 



(7.8) 



Here, and S denote the following two regions in : 



(7.10) 



and the bar stands for complex conjugation. Note that 

^%,mi+m2^^S,mi+m.2 = lR^\{ai , • • • , Qmi+ma } (7-11) 

and the configuration 1)7. 7|) . (|7.8I) has delta-function sources at the points with i = 

I,... ,mi+ 7712. 
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7.2. Non-Abelian solutions via a contour integral 

For the gauge group SU(2), one can consider the Wu-Yang point monopole [37| and its 
generahzations to configurations describing mi monopoles and m2 antimonopoles |3H]- This 
solution, which is singular at points at, i = 1, . . . ,mi + m2, is a solution to the equations 
(|7.1|1 for su(2)-valued fields. However, it is just an Abelian configuration in disguise, as it is 
equivalent to the multi- monopole configuration (|7.7j) . (|7.8|1 [HHj . 

Solutions to linear equations. One can construct true non-Abelian solutions to (|7.1() as 
follows. Let us consider a configuration A^^ = = $ and G^^ ^ 0. Then from (|7.1() . one 
obtains the equation 

= . (7.12) 

A large class of solutions to this equation can be described in the twistor approach via 
the contour integral 

G^o' = ^A^AXT(A+A+y^^A+) , (7.13) 

where T{w}^,w'^) is a Lie-algebra valued meromorphic function of w\_ = A^A^y"^ and 
= A-I-, holomorphic in the vicinity of the curve 7 ^ C GP^. From TTm . it fol- 
lows that nontrivial contributions to G^^' are only given by those T which are elements of 
the cohomology group H'^{V'^ ,gl{n, C) (g) 0{-A)). It is easy to see that (fTT^ satisfies (fTT^ 
due to 



which appears after pulling the derivatives "9^^^^ under the integral. 

Dressed solutions. Consider now a fixed solution (A^^,^) of the Bogomolny equations 
(|7.1a|) . e.g. the SU(2) BPS monopole |^|3nj. In the twistor approach, we can find functions 
'ip± solving the linear system 

Ai(9(.^)+^.^-ie.^$)V'± = and d-^J± = 0, (7.15) 

which is equivalent to the linear system of phCS theory. These ■i/'i are known explicitly for 
many cases, e.g. for our chosen example of the SU(2) BPS monopole [HHl- Using ip±, we can 
introduce "dressed" fields G^"^ by the formula 

= ^A^AXV'+(y,A+)T(/^A+A+,A+)v;z^(y,A;i) . (7.16) 

One can check that with this choice, 

d^^,)G''' + [A^,-y,,'^,G^''] = 0, (7.17) 

and therefore the configuration (A^^, G^^) satisfies 1)7. ip . The explicit form of a G^^ for 
a given A^^ and <I> is obtained from performing the contour integral (|7.16j) along 7 after a 
proper choice of the Lie-algebra valued function T. Recall that the configuration (Ar, ^) will 
be real, i.e., the fields will take values in the Lie algebra su(n), if the matrix-valued functions 
'ip± in ()7.15|) satisfy the reality condition ()2.51|) and det{ip^^ip-) = 1. Imposing a proper 
reality condition on the function T will ensure the antihermiticity of G^. 
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7.3. Solutions via nilpotent dressing transformations 

In this section, we will present a novel algorithm for constructing solutions to the equations 
()7.1|) based on the twistor description of hidden symmetry algebras in the supersymmet- 
ric SDYM theory in four dimensions ^Uj.^^ Recall that we have described a one-to-one 
correspondence between equivalence classes [/] of transition functions of T-flat vector bun- 
dles £ over the CR supertwistor space T^^^ obeying certain triviality conditions and gauge 
equivalence classes [A\ of solutions to the super symmetric Bogomolny equations on R^. We 
can, however, associate with any open subset Vj^ R V_ C J-^^^ an infinite number of such 
[/] G AlphCS) which in turn yields an infinite number of [A\ G AlgB- Therefore, one naturally 
meets with a possibility of constructing new solutions from a given one (dressing transforma- 
tion). In the following, we will discuss an example of such a construction but first we briefly 
recall the necessary background (for details, see e.g. IHl [rnj l. 
Linear system. We consider the linear system (|4.40j) . which can be rewritten as^^ 

iyt + ^t)^± = 0, d-^J± = and (Vj + V^i = 0, (7.18) 
where we have defined 

■■= ^idia0) and At := V^.Ar ■ (7.19) 

Prom arguments similar to those used subsequent to (|4.4()|) . we have = X^B^^ and 
~ -^i-^A with A-independent superfields B^^ and A\,. The compatibility conditions for 
the linear system (|7.18() are the equations ()4.42() . From this linear system, one also derives 
that = Tp^^tlj- is T-flat, i.e. 

= , d-^J+. = and = . (7.20) 

Infinitesimal Riemann-Hilbert problem. The key idea is to study infinitesimal pertur- 
bations of the transition function of the T-flat vector bundle preserving (|7.2()j) and the 

triviality properties discussed above. More explicitly, given such a function f-^ = ip^^ip- 

(with dj^_^ip± = 0), we consider 

/+_ + <5/+_ = + Sij+yHi'- (7.21) 

where 6 represents some generic infinitesimal perturbation. Note that any infinitesimal T- 
flat perturbation (i.e. preserving (|7.2U|) ') is allowed since for small perturbations, the trivia- 
lizability property of the bundle £ on the holomorphic curves CP^^^JF^'® is preserved (by 
a variant of Kodaira's theorem). Upon introducing the Lie-algebra valued function 

:= MSU-)i,z' (7.22) 
and linearizing 1)7. 21(1 . we have to find a splitting 

= 0+ - , (7.23) 

■^'^For an earlier account of hidden symmetry algebras in the context of SDYM theory, see e.g. |4U | -|43 | . 
2*Note that 14.40al l and Il4.40cl l are equivalent to \%{V^ + A^)i!± = and X%{V^ + A^)i!± = 0, respec- 
tively, which together imply (V"^ + A^)'ip± = 0. 
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where the Lie-algebra valued functions (j)± can be extended to holomorphic functions in X±, 
which yields 

Si^± = . (7.24) 

To find these (j)± from (pj^ means to solve the infinitesimal Riemann-Hilbert problem. 

Clearly, such solutions are not unique, as we have the freedom 

(/)+_ = = {<P+ + w) - (</>- + w) =: 0+ - , (7.25) 

with 4)± := (f)± + uj, where the function to does not depend on X±. This freedom can be used 
to preserve the transversal gauge condition (|4.44|) . which is discussed in detail in appendix 
B. 

Solutions to the linearized equations. Linearizing ()7.18|) . we get 

6Al = V+0± and 6A\ = V\<P± , (7.26) 

where we have introduced the operators := + and V!,_ := VJ^ + A^^. From (|7.18|) . 
(TT^ and TlTDi . it follows that 

V+</)+- = = VV</>+- , (7.27) 
and we eventually arrive at the formulae 

S^ap = <f^^n^+ and 6A^^ = /^^VV<^+, (7.28) 
^ h 2tt\\+\1 a 27riA+A+ 

where the contour is 7 = {A+ € CP^ | |A+| = 1}. Thus, the consideration of infinitesimal 
perturbations of the transition function of some T-flat vector bundle over the CR supertwistor 
space J-^^^ obeying certain triviality conditions gives by virtue of the integral formula (|7.28|) 
infinitesimal deformations of the components B^^ and which satisfy - by construction 
- the linearized supersymmetric Bogomolny equations (|4.25l) . Once again, we have a one- 
to-one correspondence between equivalence classes of solutions, with equivalence induced 
on the gauge theory side by infinitesimal gauge transformations and on the twistor side by 
transformations of the form (l)± = V'iXitV'i^) where the x± are functions globally defined on 
V± C J-^^^ and annihilated by all vector fields from the distribution T. 

Nilpotent deformation of /-| Let us now exemplify our discussion by describing how 

to construct explicit solutions to H7.1() . Consider a T-flat vector bundle E — > ^^1^ of rank 
n which is holomorphically trivial when restricted to any projective line CP], ,^ ^ ^^1^. 

Assume further that a transition function f-\ of ^ is chosen such that all the fields ) 

o o 

Xia and vanish identically, i.e., we start with the field equation 

4/3 = -hD^p^ ■ (7.29) 

Without loss of generality, we may assume that the transition function of 8 can be split as 

= 'ijj^^'il)-, where the -(/^i do not depend on the fermionic coordinates "qf . 

Consider now the perturbation 

<5/+_ := -y^-'^vt ■ ■ ■ vtiK, /+-] , (7.30) 
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where^^ K G gl(n, C). Then a short calculation reveals that any splitting (|7.23|) is of the 
form 

0+_ = </.+ -</._ = -^en-Hr^+...r^+f^^-l_)^ (7.31) 

with (j)± := —[K^ V'ltlV'i"'^- Introducing the shorthand notation rf"^"'^'^ ■= — i^eii" .?4^Ji . . . ^J4^ 
we find 

<^+_ = r,2222;4 _ + ^22103 _ + 6r,^^^^il_ + Viii + r^iiii^ _ , (7.32) 
where we have used the fact that rf^'"^'^ is totally symmetric and defined 

J+_ := - \+4>- := J+ - . (7.33) 

o 

The functions 0™ can be expanded as (m > 0) 

oo 



n=0 



with 



,m(n) 



X J,0(0) n 

o„, , o„, . and = . 7.35 

(DjC — ©_ n > 



Combining the expansion 

oo 



n=0 

with H7.31() - ()7.35() . we therefore find 

^{n) ^ ^2222j,0{4+n) ^ ^^2221 J,0{3+n) ^ g^22ii J,0{2+n) ^ 4^2iii JO{l+n) ^ ^iiii J,0{-) ^ (7 37) 

(n) 

and a similar expression for . At this point, we have to choose an uj which guarantees 
that the transversal gauge condition is satisfied. Explicitly, a possible uj is given by 

= -^2221 Jo(3) _ 3^2211 Jo(2) _ 3^2111 Jo(i) _ ^liii °o(o) ^ ^7 
which is derived in appendix B, where also a detailed discussion of this point is found. 



^^Considering vector bundles subject to the reality conditions induced by 12.5111 . one restricts the pertur- 
bations to those preserving these conditions. In our subsequent example, they read explicitly 

^U- - -y-'' K ■■■vt+vj,--- nj,) [K, /+-] 

with K e su(n). 
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Towards explicit solutions. The infinitesimal perturbations SB^^ and 6A^^ are obtained 
upon integration of the formulae ()7.28|) : 



^^ai = v.i(</.L°)+cu) = v.i(0f +^)-v.20^^ 

^^a2 = -V^i'/'L'^ + V.2(</>L°^+a;) = V.2(0f +^) 

and 



dAl = 

Consider now the expansions 

o 

o 

k>l ^ '' 



fc>i 

A; 



(7.39a) 



(7.39b) 



(7.40) 



where the brackets [ ^^-^'. '.'^1^^, are composite expressions of some superfields, cf. also appendix 
A. Since our particular deformation of the transition function implies that (/>± + uj = 0{r]'^), 
the resulting deformations of B^^ and A^^ are of the form B^^ = 0{r]^) and A^ = 0{r]^), 

o 

respectively. In transversal gauge, the explicit superfield expansions (|4.47|) show that SB^^j = 

o ■ ° ■ ■ ° . rrr^m 

~ ^^^"^ ~ ^Xia = 0. Together with the recursion relations ()4.46p . they moreover imply 
that the variation of all higher order terms (than those given in (|4.47j) ) in the r/-expansions 
vanish. Hence, from ()7.4Up we find 

XA\ — 3_ ijij2j3 ii ■12 -13 . 

— 41 1 '/ji '/j2 /js ^"71^^7273 • 

Comparing these equations with ()7.39|) and the ry-expansions of cl)^\ (p^.^ and lo given earlier, 
we arrive at 

SGii = 2°ctP}^^ , 5Gi^ = 2°(tPS^^ and 5G^^ = 2^°^^^ (7.42) 
together with the field equations 

hp = -hD^p^ and ef^^D^/c^, = -^[5G^,M- (7.43) 
Since the equations H7.1() are linear in G^^, we hence have generated a solution 

(^Ky-=°A.p^^--=°^^G.p--=^Gap) (7-44) 

to H7.ip starting from a solution to (|7.1a|) . Thus, knowing the explicit splitting = 'ip^^ip-, 

we can define functions (j)± = — [K,ip±]ip_j_ which then in turn yield G^^- 
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8. Comments on J\f = 8 SYM theory in three dimensions 



The full J\f = 8 SYM theory in three dimensions is slightly out of the scope of this paper, 
but as an outlook, we would like to sketch the construction of a supertwistor correspondence 
for this theory and leave the details to future work. 

Twistor description of = 3 SYM theory. Recall that there is a one-to-one correspon- 
dence between gauge equivalence classes of solutions to the Af = 3 SYM equations in four 
complex dimensions and equivalence classes of holomorphic vector bundles £ over a quadric 
in (an open subset of) the product space CP^'^ x CP*''^ 45 such that the bundles £ are 
holomorphically trivial on each submanifold ,^ = CP^ x CP];^£^I^ with (x, rj, 9) G C"^'^^. 
The space is also known as the super-ambitwistor space'^'^ and enters into the double 
fibration 

jr6|i2 

(8.1) 



€^112 



where T^'^^ = C ' x CP x CPj; is the correspondence space with coordinates (x"", 0"*, T^f) 
on C^l^^ and homogeneous coordinates on CP^ and on CP^, respectively. The tangent 
spaces to the (l|6)-dimensional leaves of the fibration T^^^'^ are spanned by the 

holomorphic vector fields 

d ■ ( d ■ d 



+ 



dx°"^ ' \drif 
which enter into the linear system 

^"A°(9«^ + ^„«)V' 



and 



d 
89^ 



d 



.2) 



A^ 



d 
dr]f 







d 



89' 



+ rifdaa +Aai]ll^ = 



i.3) 



where tp is a locally defined GL(n, (D)-valued function on JF^'^^^ The compatibility conditions 
of ()8.3|) are equivalent to the M = 3 SYM field equations. On the other hand, these equations 
are also equivalent to the hCS field equations on whose solutions describe holomorphic 
structures on the complex vector bundle £ 

Reduced twistor correspondence. Similarly to the supersymmetric Bogomolny model 
which was obtained by a dimensional reduction of = 4 SDYM theory, one can establish 
a twistor correspondence for the full Af = 8 SYM theory in three (complex) dimensions by 
using a dimensional reduction of Taking the quotient of the spaces in the diagram 1)8. 1|) 
with respect to the actions of the Abelian groups generated by the vector field =3^, we arrive 
at the diagram 



C 



4 12 



_^5|12 



(8.4) 



C 



3 12 



"See also ^S] for the bosonic case. For a recent review and further references, see 
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describing the reduction of the supertwistor correspondence (|8.ip . Recall that in three di- 
mensions, we have the vector fields ()3.4|) and the decomposition ()3.5|) . Substituting the latter 
into (|8.2jl and assuming independence of all functions of x^, we obtain the vector fields 

A'^^^am, ^'(A + f^'^'d^^s] and /."f-l. + ryfa^,,') , (8.5) 



which are tangent to the (l|6)-dimensional leaves of the fibration J^^l^^ where ^^'^■^ = 

cm X CP^ X CP^. 

Constraint equations. Similarly, the linear system (|8.3j) is reduced to 

/x^A/5(9(^^)+S^^)V = 0, 
(^^ + O'^d^^,) +A;^i^ = 0, ( + + A^?j ^ = . ^"-'^ 

The corresponding compatibility conditions read as 



(8.7) 



{V<i„Vy-2<5^V.^ = 0, 
{Vj,, VJ} + {V^, Vil = , {V^„ V^^.} + {V^^, V^,} = , 

where we introduced the differential operators 

V* — ^ I flQta . _|_ /I* VT.. — ^ I . _|_ /I . . 

The equations 1)8. 7() are the constraint equations of A/" = 3 SYM theory in four dimensions 
reduced to three dimensions. 

Outlook. It remains to clarify the geometry of the mini-sup erambitwistor space £4|6 to- 
gether with its real structure r. In case that is a Calabi-Yau supermanifold (for which 
there are certain hints), one can define an open topological B-model on this space, which 
is supposed to describe holomorphic structures on complex vector bundles over >C^I^. These 
can then be linked to solutions of = 3 SYM theory reduced to three dimensions. The 
latter theory should (under an additional assumption) be equivalent to = 8 SYM theory 
similarly to the equivalence of = 3 and A/" = 4 SYM theories in four dimensions. Note that 
on one cannot impose the Euclidean reality condition 1)2. 31(1 on the fermionic coordi- 
nates. Only two other conditions leading to Kleinian and Minkowski signature, respectively, 
are consistent j2]. 
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Appendices 



A Superfield expansions 

Field equations. In section 4.4, we obtained the constraint equations (|4.43l) for the dif- 
ferential operators V^^ := + and -D^ = + A^^ which are equivalent to the 
supersymmetric Bogomolny equations 



(A.l) 



with all the fields being superfields and defined by 



ci^y n n ■ 







Xa 


— v« 




:= S*^' , 


Xia 






■■= -Wic^X 



(A.2) 



Superfield expansions. To prove that the equations (jA.lj) are equivalent to the supersym- 
metric Bogomolny equations H4.25() . we need the explicit superfield expansions of B^^ and 

from which all remaining expansions can be derived by using the constraint equations 
()4.4c{p . Since the proofs of the subsequent general assertions are rather straightforward, we 
leave them to the interested reader. 

Consider some generic superfield (p. Its explicit r/-expansion looks as 



'jk ^7i---7fc 



(A.3) 



fc>i 



Furthermore, we have Vip 
some superfields.^^ Let 

Then we have 



Y^^, where the bracket 



is a composite expression of 



-l7i---7fc 



77 



,7fc+i I 



-iJi-'-Jfe+i 
J7i---7fe+l 



if- 



+ 1 „7i . . . r 1 

]^\ hi hk L J 



fc>i 



}3l--3k 



(A.4) 
(A.5) 



which follows by induction. In case the recursion relation of 99 was given by (1 + T))(p = 
[ li-i ' ^ happens to be for A^^, then ^ = and the superfield expansion is of the form 



k 



,71 



n\---ik 



(A.6) 



iPor example, = [a/j]^^ , with [a/3]^.i = -e^^^X^^ 
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From this, it is a bit tedious but straightforward to determine the superfield expansions of 



B^^ and Ai. For 



kl 

k>l 



we obtain as the first four coefficients 



rA/9V'i-?'2JW4 _ phhhiix/ . . n. . _|_ 1=- . . phhhk-^n . . \jJ4l ^, ,1 1 

L^J7l727374 ~ 2*^/371 ^ o-yj*-^ 7374 2*^/371 7374 ^ ^ a-y2l9 ; TOj 

. pjihjakf j4 -r;, . lip. p. . [V-- f/jJUal _ 

' 2 /371 7274^ lAa ; Afe73 J I t^^^ t^2^3 [ V Q'y4(/^ , (/r J 

_ ip. p. . phhhki^h ~ \ 

2 /37i T273^ lA(i5/l/c74/) 

where we have heavily used the recursion relations ()4.46|1 . Quite similarly, we find for 

k 



(A. 



T.jk^'^i---'^:i^--l (A.9) 



the following coefficients: 



i]n — p. . Ml 



\ i]jlj2 _ _lp.. Jjij2k^ 

Iq!J7i72 ~ 2 "71^ Afc72 1 

rjlilj2i3 ^ 1 Jjlj2j3Q. . I ip.. p. . Jjlj2ktjJ-il 1 /A 

LaJ7i7273 2 "71^ <-^7273 2 "71^7273^ I'r :Vkl\ ) (^A.IUJ 

ii2i3i4 

L aJ-yi 727374 



iyihhU _ ip.. p. p»iii2j3rY, . , AJ4fci_ Ip.. p. . piiii2fcpi3«i4rn.r ~ . ^ i i 

— 2^071^74(72^ [AA:73)ir J 4^«7i^7273^ ^ LAm74)Vfc(J 



+ 



2 £0:71 £7273 £ "'^■'^ d'^^ [Xi]74, (/^^ ] • 



Putting everything together, the above expansions yield the remaining expansions for the 
other superfields and moreover show that the superfield equations ()A.1|) are true order by 
order in the 77-expansion. Thus, the supersymmetric Bogomolny equations ()4.25p on I^? are 
indeed equivalent to the compatibility conditions ()4.42() of the linear system H4.40() . 



B Transversal gauge 

The general case. In (|7.25j) . we noticed a freedom in splitting the Lie-algebra valued 
function (/)_| defined in H7.22() according to 

(/>+_ = (t>+-(t>- = ((/.+ + - ((A- + =: h-^-- (B.l) 

This freedom can be used to guarantee that the infinitesimal deformations of the gauge 
potential obtained by 

^•^t = V+0± and 6AX = V\^± , (B.2) 
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are in transversal gauge, i.e., the condition ijfdA^^ = is satisfied, cf. (|4.44jl . Upon expanding 
the functions (p± in powers of A± in their respective domains, i.e. 

oo 
n=0 

we deduce from (IB. 21) 



The contraction of these equations with rjf yields the constraints 



(B.4) 



VcP'l^ +Vuj = rjlD\c^^}^ and ^0$°^ + Pcu = r/i^^^^J^ (B-5) 

where we have used the fact that (f)^^^ = cj)"^ + uj and = , respectively. Thus, a 
splitting (|B.H) with an oj satisfying (|B.5() yields a deformation of the super gauge potential 
which respects the transversal gauge condition. 

The example. Let us briefly comment on the transversal gauge condition discussed in the 
previous paragraph in the case of the example presented in section 7.2. Equation (|B.5|) 
simplifies in our case (|7.31() to 

+Vuj = 4d\(t>'- and P^J^^ +Vuj = r]\dl4>+^ ■ (B.6) 

Since our particular deformation 1)7. 30(1 is of fourth order in the fermionic coordinates, we may 
assume that u) = rf'^"'^*L0^f^...Af^. Then, after some algebraic manipulations, the expansions of 
(see e.g. (|7.37p ) together with HB.6|) and the ansatz for uj lead to 

^ = -r?222i;0_(3) _ 3^22li;0(2) _ g^MliJOd) _ ^liil °0(0) ^g^^^ 

i.e., this particular choice of lo ensures the preservation of transversal gauge for the pertur- 
bation 



C Signature (+H — ) 

In section 2.1, we defined the twistor space of a real four-dimensional manifold X as the 
bundle 1)2. 1|) of almost complex structures compatible with a metric which yielded ()2.1Up 
as the twistor space of the Euclidean space (lR^,(5^i,). In fact, in Euclidean signature, one 
can define the twistor space of X in three equivalent ways, the first being the above one. 
Two further definitions of the twistor space. The second definition assumes that X 
admits a spin structure. Then one can introduce the vector bundle 

S := P(X,Spin(4)) Xspin(4)C^ (CI) 

of Dirac spinors on X. Since Spin(4) = SU(2)i x SU(2)ij, this bundle decomposes into a 
direct sum S = Sl® Sji of bundles of left- and right-handed Weyl spinors. Using the latter 
bundle, one can define the twistor space of X as the projectivization j23j 

Z := P{Sr) (C.2) 
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of the bundle Sr — > X and Z has again projective hnes CP^ = S"^ as fibres. Note that in 
this definition, the spin structure on X was only needed for introducing the bundle Sn — > X 
but not for its projectivization P^Sr). 

The third definition is obtained by considering the vector bundle A'^T*X of two-forms 
on X. Using the Hodge star operator, one can split A'^T*X into the direct sum A^T*X = 
A^T*X © A^T*X of the subbundles of self-dual and anti-self-dual two-forms on X. Then 
the twistor space Z oi X can be defined as the unit sphere bundle 

Z := S{AlT*X) (C.3) 

in the vector bundle A^T*X. 

Kleinian case. Although these definitions are all equivalent in the Euclidean case, only the 
latter two are equivalent in the Kleinian case of signature (+H ) and they differ from defi- 
nition ()2.1() . In particular, for the space R^'^ := (R^, Qfj^^) with (g^u) = cliag(+l, +1, —1, —1) 
we obtain both from (|C.2() and (|C.3() the space 

Z ^ IR2'2 X <CP^ . (C.4) 

On the other hand, the definition H2.1() from section 2 yields the space 

Z ^ Il2,2 y^H^ = (J^2,2 ^ ^2 ) y (j^2,2 ^ ^2 ) ^. 2+ U Z_ , (C.5) 

which is an open subset of Z. Here, = U is the two-sheeted hyperboloid and 
Hi = {A± G t/± I |A±| < 1} ^ SU(1, 1)/U(1) are open discs. In fact, 

Z = Z+UZqUZ^ , (C.6) 

where Zq = R^'^ x S"^ is a boundary for both Z^ and 

The twistor space of R^'^ is again the space 1)2. lUj) . which can be written as the union 

■p3 ^ 0(1)0 0(1) = p3up^up3 ^ p3^j-p^ 

of three disjoint domains, = V^Ih^ and Vq = V^lsi since CP^ = U U i^^. There 
is a natural map from Z into which is a real-analytic bijection between Z± and Vj., 

= Z , (C.8) 

but this map becomes the real fibration Zq ^ C. Vq over a real three-dimensional sub- 
manifold T3 of Vo (see e.g. HZlllHl). 

Reduction to mini-twistor spaces. This directly carries over to the mini-twistor space, 
which is again obtained by taking the quotient of the twistor space with respect to the Abelian 
group ^(c = C defined in section 3.2. From (in7|) . we thus have := P^/^c = 0{2) while 
(|C.8|) yields an open subset = V'^/^c of V^. These considerations readily generalize to 
the supertwistor spaces and we obtain 

p2|4 ^ p3|4/^^ ^^g^ 

and an open subset 

p2|4 ^ p3|4/^^ ((^-^Q^ 

in "P^l^ together with the open subset of the CR supertwistor space, 

^5|8 ^ j^2,2|8 ^ ^2 ^ _^5|8 ^ j^2,2|8 ^ ^2 _ 
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Modifications in signature (+H — ). In fact, all of these spaces appear in the twistor 
correspondence between liBF theory, phCS theory and a supersymmetric Bogomolny model 
on the space R^'^ = {'K^,g) with the metric g = diag(+l, +1, — 1). Namely, one uses the 
spaces "P^l^ and ^^1® in the Dolbeault description of these correspondences and the spaces 7^^'^ 
and ^^1^ in the Cech description via transition functions. There are only minor modifications 
to be made to all the formulae of the Euclidean case to hold also here. First, one replaces the 
reality condition (|TT^ and by^^ 

= = _i(2;l_i2;2) ^ ^2i ^ -12 ^ _i(^4 _ -^3) ^2 ^ -1 ^ (q_^2) 

which corresponds together with to the anti-linear involution 

on the mini-supertwistor space. Second, the hBF theory is considered on the supermanifold 
-^214 ^ p2|4 g^^^ ^YiQ phCS theory on the open subset .F^'^ of the CR supertwistor space 
jr5\8^ Thus, one substitutes the space CP^ by the two-sheeted hyperboloid H"^ = (CP\S^ = 
Hi U Hi and uses 





2 



i - A±A± 



(C.14) 



instead of A^, A^ and 7± as given in ()2.25|) . (|3.35() and ()2.22|) . All other formula including 
the equations of motion for phCS theory on .F^l^ and the field expansions of Aq- keep their 
form. The resulting Bogomolny-type field equations on IR^.i ^^[ii only differ by some signs in 
front of the interaction terms. All this also holds for the M-deformed case, which eventually 

'^1^ and F^l^ 



involves the spaces V'fi^ and JF^'^ 



See e.g. [5| for more details. 



51 



References 



[1] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun. Math. 

Phys. 252 (2004) 189 |hep-th/0312T7T| . 
[2] A. D. Popov and C. Saemann, On supertwistors, the Penrose-Ward transform andj\f = 4 

super Yang-Mills theory, |hep-th/0405T23| 



[3] W. Siegel, The N=2 (4) string theory is self- dual M = 4 Yang-Mills theory, Phys. Rev. 

D 46 (1992) R3235 |hep-th/ 9205075|. 
[4] V. P. Nair, A current algebra for some gauge theory amplitudes, Phys. Lett. B 214 

(1988) 215. 

[5] The web-page of the "London Mathematical Society Workshop on Twistor String The- 
ory," Oxford 10-14 January 2005, http://www.maths.ox.ac.uk/~lmason/Tws/ 

[6] F. Cachazo and P. Svrcek, Lectures on twistor strings and perturbative Yang-Mills theory, 
hep-th/0504194l 

[7] S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanehi, A note on twistor gravity am- 
plitudes, JHEP 0407 (2004) 059 |hep-th /0405086 ; N. Berkovits and E. Witten, Con- 
formal supergravity in twistor- string theory, JHEP 0408 (2004) 009 [hep- th/ 040605 ij ; 
C. H. Ahn, M = 1 conformal supergravity and twistor- string theory, JHEP 0410 (2004) 
064 |hep-th /0409195 ; C. H. Ahn, M = 2 conformal supergravity from twistor- string the- 
ory, ^^^th/ 0412202] J. Bedford, A. Brandhuber, B. Spence and G. Travaghni, A recur- 
sion relation for gravity amplitudes, |hep-th/0502146; N. E. J. Bjerrum-Bohr, D. C. Dun- 
bar and H. Ita, Six-point one-loop AA = 8 supergravity NMHV amplitudes and their 
IR behaviour, hep-th/0 503102^ Y. Abe, An interpretation of multigraviton amplitudes, 
jhep-th/0504174 

[8] A. Neitzke and C. Vafa, N = 2 strings and the twistorial Calabi-Yau, hep-th/0402128 ; 
N. Nekrasov, H. Ooguri and C. Vafa, S-duality and topological strings, JHEP 0410 
(2004) 009 ,hep-th /0403167 ; M. Aganagic and C. Vafa, Mirror symmetry and super- 
manifolds, hep-th/0403192 ; C. H. Ahn, Mirror symmetry of Calabi-Yau supermanifolds, 
Mod. Phys. Lett. A 20 (2005) 407 |hep-th/0407009 ; A. Belhaj, L. B. Drissi, J. Ras- 
mussen, E. H. Saidi and A. Sebbar, Toric Calabi-Yau supermanifolds and mirror sym- 



metry, hep-th/0410291 



[9] A. D. Popov and M. Wolf, Topological B-model on weighted projective spaces and self- 
dual models in four dimensions, JHEP 0409 (2004) 007 |hep-th /0406224 ; C. baemann. 
The topological B-model on fattened complex manifolds and subsectors of N = 4 self-dual 
Yang-Mills theory, JHEP 0501 (2005) 042 |hep-th/0410292l ; J. Park and S. J. Rey, Su- 
pertwistor orbifolds: Gauge theory amplitudes and topological strings, JHEP 0412 (2004) 
017 hep-th/0411123 ; S. Giombi, M. Kulaxizi, R. Ricci, D. Robles-Llana, D. Trancanelli 
and K. Zoubos, Orbifolding the twistor string, hep-th/0411171 
[10] M. Wolf, On hidden symmetries of a super gauge theory and twistor string theory, JHEP 
0502 (2005) 018 ,hep-th/0412163,. 



52 



[11] N. Berkovits, An alternative string theory in twistor space for M = 4 super-Yang-Mills, 
Phys. Rev. Lett. 93 (2004) 011601 hep-th/0402045 ; N. Berkovits and L. Motl, Cu- 
bic twistorial string field theory, JHEP 0404 (2004) 056 hep-th/0403187 ; W. Siegel, 
Untwisting the twistor superstring, hep-th/0404255 ; O. Lechtenfeld and A. D. Popov, 
Supertwistors and cubic string field theory for open N = 2 strings, Phys. Lett. B 598 

(2004) 113 hep-th/0406179l. 

[12] Y. Abe, V. P. Nair and M. 1. Park, Multigluon amplitudes, J\f = 4: constraints and 
the WZW model, Phys. Rev. D 71 (2005) 025002 "hep-th/0408191 ; M. Kulaxizi and 
K. Zoubos, Marginal deformations of M = 4 SYM from open/closed twistor strings, 
"hep-th/0410122 

[13] A. Sinkovics and E. Verhnde, A six dimensional view on twistors, Phys. Lett. B 608 

(2005) 142 hep-th/0410014j ; A. Burinskii, Rotating black hole, twistor- string and spin- 
ning particle, hep-th/0412195| L. B. Anderson and J. T. Wheeler, Yang-Mills gravity 
in biconformal space, piep-th /0412293 S. Seki and K. Sugiyama, Gauged linear sigma 
model on supermanifold, hep-th/050307^ 

[14] D. W. Chiou, O. J. Ganor, Y. P. Hong, B. S. Kim and L Mitra, Massless and 
massive three dimensional super Yang-Mills theory and mini-twistor string theory, 
|hep-th/0502076 

[15] N. J. Hitchin, Monopoles and geodesies, Commun. Math. Phys. 83 (1982) 579. 

[16] M. K. Murray, Nonabelian magnetic monopoles, Commun. Math. Phys. 96 (1984) 539. 

[17] A. D. Popov, Holomorphic analogs of topological gauge theories, Phys. Lett. B 473 
(2000) 65 |hep-th/ 9909135 . 

[18] T. A. Ivanova and A. D. Popov, Dressing symmetries of holomorphic BF theories, J. 
Math. Phys. 41 (2000) 2604 'hep-th/0002120"; Cech, Dolbeault and de Rham cohomolo- 
gies in Chern-Simons and BF theories, Proc. of the Intern. Cohoquium on Group The- 
oretical Methods in Physics, Eds. A. N. Sissakian and G. S. Pogosian, vol. 1, p. 138, 
Dubna, 2002 hep-th/0101150 . 

[19] L. Bauheu and A. Tanzini, Topological symmetry of forms, N = 1 supersymmetry and 
S- duality on special manifolds, |hep-th/0412014 



[20] E. Witten, Chern-Simons gauge theory as a string theory. Prog. Math. 133 (1995) 637 
hep-th/9207094 . 

[21] C. R. LeBrun, Twistor CR manifolds and three-dimensional conformal geometry. Trans. 

Amer. Math. Soc. 284 (1984) 601. 
[22] J. H. Rawnsley, Flat partial connections and holomorphic structures in smooth vector 

bundles, Proc. Amer. Math. Soc. 73 (1979) 391. 
[23] M. F. Atiyah, N. J. Hitchin and I. M. Singer, Self-duality in four- dimensional Rieman- 

nian geometry, Proc. Roy. Soc. Lond. A 362 (1978) 425. 
[24] R. Penrose, The twistor program, Rept. Math. Phys. 12 (1977) 65. 
[25] K. Kodaira, A theorem of completeness of characteristic systems for analytic families of 

compact submanifolds of complex manifolds, Ann. Math. 75 (1962) 146. 
[26] R. Penrose and W. Rindler, "Spinors and space-time. Vols. 1 & 2," Cambridge University 

Press, Cambridge, 1984 & 1985. 



53 



[27] Yu. I. Manin, "Gauge field theory and complex geometry," Springer, Berlin, 1988 [Rus- 
sian: Nauka, Moscow, 1984]. 

[28] R. S. Ward and R. O. Wells, "Twistor geometry and field theory," Cambridge University 
Press, Cambridge, 1990. 

[29] L. J. Mason and N. M. J. Woodhouse, "Integrability, self-duality, and twistor theory," 
Clarendon Press, Oxford, 1996. 

[30] E. B. Bogomolny, Stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449. 

[31] M. K. Prasad and C. M. Sommerfield, An exact classical solution for the 't Hooft 
monopole and the Julia-Zee dyon, Phys. Rev. Lett. 35 (1975) 760. 

[32] N. S. Manton, Complex structure of monopoles, Nucl. Phys. B 135 (1978) 319. 

[33] M. F. Atiyah and N. J. Hitchin, "The geometry and dynamics of magnetic monopoles," 
M.B. Porter lectures, Princeton University Press, 1988. 

[34] P. S. Howe and G. G. Hartwell, A superspace survey, Class. Quant. Grav. 12 (1995) 
1823. 

[35] L. Nirenberg, A complex Frobenius theorem, Proc. Conf. Analytic Functions, I. (Prince- 
ton University Press, N.J., 1957), p. 172. 

[36] J. P. Harnad, J. Hurtubise, M. Legare and S. Shnider, Constraint equations and field 
equations in supersymmetric Af = 3 Yang-Mills theory, Nucl. Phys. B 256 (1985) 609. 

[37] T. T. Wu and C. N. Yang, in: "Properties of matter under unusual conditions," edited 
by H. Mark and S. Fernbach (Interscience, New York, 1969), p. 349. 

[38] A. D. Popov, On explicit point multi-monopoles in SU(2) gauge theory, to appear in J. 
Math. Phys., hep-th/0412042' 

[39] R. S. Ward, A Yang-Mills Higgs monopole of charge 2, Commun. Math. Phys. 79 (1981) 
317; R. S. Ward, Ansdtze for self-dual Yang-Mills fields, Commun. Math. Phys. 80 
(1981) 563. 

[40] K. Pohlmeyer, On the Lagrangian theory of anti- (self )- dual fields in four- dimensional 
Euclidean space, Commun. Math. Phys. 72 (1980) 37. 

[41] L. L. Chau, M. L. Ge and Y. S. Wu, The Kac-Moody algebra in the self-dual Yang- 
Mills equation, Phys. Rev. D 25 (1982) 1086; L. L. Chau and Wu Yong-Shi, More about 
hidden symmetry algebra for the self-dual Yang-Mills system, Phys. Rev. D 26 (1982) 
3581; L. L. Chau, M. L. Ge, A. Sinha and Y. S. Wu, Hidden symmetry algebra for the 
self-dual Yang-Mills equation, Phys. Lett. B 121 (1983) 391. 

[42] K. Ueno and Y. Nakamura, Transformation theory for anti- (self )-dual equations and 
the Riemann-Hilbert problem, Phys. Lett. B 109 (1982) 273; L. Dolan, A new symmetry 
group of real self-dual Yang-Mills, Phys. Lett. B 113 (1982) 387; L. Crane, Action of 
the loop group on the self-dual Yang-Mills equation, Commun. Math. Phys. 110 (1987) 
391. 

[43] A. D. Popov and C. R. Preitschopf, Conformal symmetries of the self-dual Yang-Mills 
equations, Phys. Lett. B 374 (1996) 71 hep-th/9512130 ; A. D. Popov, Self-dual Yang- 
Mills: Symmetries and moduli space. Rev. Math. Phys. 11 (1999) 1091 hep-th/9803183 ; 
T. A. Ivanova, On current algebra of symmetries of the self-dual Yang-Mills equations, 
J. Math. Phys. 39 (1998) 79 |hep-th/97Q2T44] . 



54 



[44] A. D. Popov, Holomorphic Chern- Simons- Witten theory: From 2D to 4D conformal field 

theories, Nucl. Phys. B 550 (1999) 585 hep-th/9806239 . 
[45] E. Witten, An interpretation of classical Yang-Mills theory, Phys. Lett. B 77 (1978) 

394. 

[46] J. Isenberg, P. B. Yasskin and P. S. Green, Non-self-dual gauge fields, Phys. Lett. B 78 
(1978) 462. 

[47] N. M. J. Woodhouse, Contour integrals for the ultrahyperbolic wave equation, Proc. R. 

Soc. Lond. A 438 (1992) 197. 
[48] D. E. Lerner, The Linear system for selfdual gauge fields in a space-time of signature 0, 

J. Geom. Phys. 8 (1992) 211. 



55 



